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Abstract. Results saying how to transfer the entailment in certain minimal and maximal
ways and how to transfer strong dualisability between two different finite generators of a
quasi-variety of algebras are presented. A new proof for a well-known result in the theory
of natural dualities which says that strong dualisability of a quasi-variety is independent of
the generating algebra is derived.
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1. INTRODUCTION

For the basic facts about natural duality theory we recommend [1] and [9]. A very
brief introduction into the theory and the summary of the basic concepts can also
be found in our companion paper [7].

Throughout this paper we assume that D and M are finite algebras of the same
type such that D € IS(M). Consequently, for the quasi-varieties 2 := ISP(D)
and # := ISP(M) we have 9 C .#. We assume that there are homomorphisms
a: M — Qk, for some k, and #: D — M such that 8 and a0 §: D — D” are
one-to-one.

In Section 3 we introduce minimal and maximal extensions of algebraic relations
and (partial) operations from D to M. While in [7] we concentrated on the transferral
of the entailment and dualisability “up” from D to M via the ‘minimal extensions’,
here we equally focus on the transferral via the ‘maximal extensions’. Then in
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Section 4, where we assume that ¥ = .# and that « is one-to-one, we present a
natural way of transferring a strong duality “up” from D to M by generalizing the
Strong Duality Transfer Theorem of Davey and Haviar [3]. In Section 5 we give a new
proof for a well-known result due to Hyndman [8] saying that strong dualisability
of a quasi-variety is independent of the generating algebra. We use the additional
assumption that the strongly dualising structures are finite, which, however, is the
case in all known strong dualities to date. Finally, as an application of the results
of Sections 4 and 5, in Section 6 we show how to transfer a strong duality “down”
from M to D.

2. PRELIMINARIES

Let o7 := ISP(M) be a quasi-variety generated by a finite algebra M. Let M =
(M;G,H,R,T) be a discrete topological structure, in which the set M is endowed
with the discrete topology 7 and with families G, H and R of finitary operations,
partial operations and relations, respectively. The structure M is said to be algebraic
over M if the relations in R and the graphs of operations and partial operations in
GUH are subalgebras of appropriate powers of M; we shall always be assuming that
M = (M;G,H, R, T) is algebraic over M. The structure M is called the alter ego of
M and finding M with desirable properties to a given M is one of the central tasks
in natural duality theory.

Given a closed substructure X of a non-zero power of M, we define a morphism
from X into M to be a map a: X — M that preserves the relations in R and
the graphs of operations and partial operations in G U H and is continuous. Note
that when X is finite, the morphisms are all the structure preserving maps from X
into M.

Now we say that G U H U R, or simply M, entails the relation s (the partial
operation h) on the structure X if each morphism a: X — M preserves s (the
graph(h)). The dual category to &/ = ISP(M) is the class 2" := ISP (M) of all
isomorphic copies of closed substructures of non-zero powers of M. The morphisms
of the category 2 are the continuous structure preserving maps.

We use a pair of contravariant functors D: & — 2" and E: 2 — & defined
as follows. For every A € &/, D(A) is the homset </ (A, M) regarded as a closed
substructure of M*; the structure D(A) € 2 is called the dual of A. Similarly, for

every X € 2, its dual E(X) € &/ is defined to be the homset 2" (X, M) regarded

as a subalgebra of MX.
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Let Aec o/, Xe 2 andlet e4: A — ED(A) and ex: X — DE(X) be maps
given by evaluation:

ea(a)(h) = h(a) forevery a€ A and h € D(A),
p(y) forevery ye X and ¢ € E(X).

ex(y)(y)

It is said that the structure M (or just G U H U R) yields a (natural) duality on
o/ based on M, or M dualises M, if for every A € o/, the embedding e,4 is an
isomorphism.

Let @, be the category of all finite algebras in o7. If for every A in o%,, ea is
an isomorphism, then M dualises M at the finite level.

The following Duality Compactness Theorem is due independently to Willard [12]

and Zadori [13].

Theorem 2.1 ([1], Theorem 2.2.11). If M is of finite type and yields a duality
on ,, then M yields a duality on <.

If ea and ex are isomorphisms for all A € & and X € 27, then M is said to yield
a full duality on </ or one says that M fully dualises M. In this case, the categories
o/ and Z are dually equivalent.

If M fully dualises M and moreover, M is injective in 2, then we say that M
strongly dualises M. However, the usual definition of a strong duality is the following
one (see Chapter 3 of [1] for a proof that this is equivalent to the former definition
given above): M strongly dualises M if M dualises M and, for every non-empty set

S, every closed substructure M® of M is term-closed. We recall that given a non-

empty set S, a closed substructure X of M? is term-closed if whenever y € M5\ X
there exist S-ary term functions t; and to of the algebra M such that ¢; [ X =t5 [ X
but #1(y) # t2(y)-

As far as duality is concerned we are interested only in the entailment on the
structures X of the form D(A) for A € «/. Thus we say (cf. [1], p. 55) that M
entails s if it entails s on every structure of the form D(A), for A € &/. Let By
be the class of all finitary algebraic relations on M and let Q2 C %),. If a set R
of relations in €2 is such that R entails s for every s € 2, then we say that R is
entailment-dense in ).

Let s be the subalgebra of M" corresponding to the n-ary algebraic relation s
on M, n > 1. Foreachie {1,...,n},let of :=m; [ s: s — M, where m;: M™ — M
is the natural projection.

The following result is fundamental to the study of entailment (for its proof see [4],
2.3 or [1], 8.1.3, 9.1.2; cf. also [5], 1.4).
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Theorem 2.2 (The Test Algebra Theorem). Let M be a finite algebra and let
M be its alter ego. Let s be an n-ary algebraic relation on M for some n € N. Then

the following conditions are equivalent:

(1) M entails s;

(2) M entails s on D(s);

(3) every morphism o: D(s) — M satisfies (a(0%),...,a(05)) € s;

(4) s = {(a(e}), .-.,a(e3): a € ED(s)};

(5) s may be obtained from G U H U R via a primitive positive construct, that

is, for some primitive positive formula ®(x1,...,x,) in the language of M,
s={(c1y...,cn) € M™: M | ®(c1,...,¢n) } and D(s) satisfies D(p5,...0%).

As an immediate consequence we obtain that if VI dualises M, then GU H U R is
entailment-dense in %,,.

The Brute Force Duality Theorem (cf. [1], Theorem 2.3.1) says that the set %,
of all finitary algebraic relations on M (the brute force) yields a duality on 2%py.
The following result is called a Density Lemma and it explains the central role of
entailment in duality theory. It also holds at the finite level.

Lemma 2.3 ([1], Lemma 8.2.2). Let M be a finite algebra. Assume that Q) C Sy
vields a duality on o/ and let R C Q). Then the following conditions are equivalent:
(1) R yields a duality on <7 ;
(2) R is entailment-dense in );
(3) R entails s for each s € Q\ R;
(4) R entails s on D(s) for each s € 2\ R.

Hence if a finite set R C %), entails the brute force %), then R yields a duality
on iy, and by the Duality Compactness Theorem 2.1, R yields a duality on <.
Thus we conclude:

Lemma 2.4. Let M be a finite algebra. A finite set R C %) yields a duality on
&/ if and only if R entails B);.

It follows from this lemma that studying the dualisability of M via a finite set of
relations R C %), is equivalent to studying when R entails %);.

Let us recall that in our setting D and M are finite algebras of the same type
such that D € [S(M) and we assume the existence of a homomorphism «: M —
DF, for some k, and a one-to-one homomorphism 3: D — M. Let now, for every
ie{l,...,k},w;:=po g?(M) oa. We see that w; is an endomorphism of M. Let us
further denote I'gq := {w1, ..., wg}.
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We define a homomorphism w :=w; M...Mwg: M — M* by w(a) := (wi(a),. ..,
wi(a)) for all @ € M. When the maps wi,...,wy separate the points of M, w is
an embedding. In such a case we define o: w(M) — M to be the inverse of w
regarded as a k-ary algebraic partial operation on M. It follows that for all a € M,
o(wi(a),...,wr(a)) = a. The partial operation o on M was introduced in Davey
and Haviar [3] for the particular case when D is a subalgebra of M and 5: D — M
is the inclusion map. Our setting where D € [S(M) is a more general one. Hence we
shall call the partial operation o on M in this more general setting the generalized
schizophrenic operation corresponding to wq,...,w.

3. TRANSFERRING ENTAILMENT UP VIA MINIMAL AND MAXIMAL EXTENSIONS

Throughout this section we again assume that D and M are finite algebras of the
same type such that D € IS(M), so for ¥ := ISP(D) and .# := ISP(M) we have
9 C M. We also assume that there exist homomorphisms ov: M — D*, for some k,
and B: D — M such that 8 and a o 3: D — D are one-to-one. In our companion
paper [7] we concentrated on the transferral of the entailment and dualisability “up”
from D to M via certain ‘minimal extensions’. In this section we equally focus on
the transferral “up” via ‘maximal extensions’.

Let (a0 )~" be the inverse of the isomorphism D — (a o 8)(D) < D* given by
a o (3 and, for any X C D™ let us use a~*(X) to denote the subset of M" of all
elements (c1,...,cn) of M™ that satisfy

((m1 0 @)(er); - -y (T 0 Q)(er)s - - (71 0 @) (€m)s - (i 0 @) (em)) € X.

For every n-ary algebraic relation r on D, we consider the minimal extension min r
of r to M to be the algebraic relation

minr = {(B(a1),...,0(an)): (a1,...,an) €}

already defined in [10] or in [7], where it was denoted by 3. We now introduce the
maximal ertension maxr of r to M to be the algebraic relation a1 ((a o 8)(r)).
We note that taking a=!((ao 8)(r)) instead of a~1(r) guarantees, for example, that
minr C maxr. Every n-ary algebraic relation rj; on M satisfying minr < rp <
maxr will be called an extension of r to M.

For every n-ary (partial) homomorphism h: domh C D" — D, we use minh
to denote its minimal extension to a partial homomorphism of M that assigns to
each (a1,...,a,) € min(domh) the element B(h(3~ (ay),...,B3 1(a,))) of M; we
note that this has already been considered in [10] and in [7] where it was denoted
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by hg. We introduce the mazimal extension maxh to be the partial homomorphism
of M with the domain max (domh) that assigns to each element (a1,...,a,) of

max (dom h) the element B(h(((a o 8)~ (a(ay)), ..., (aoB) L(alay,))))) of M.

For every set S of algebraic relations or (partial) operations on D, we define
min S := {mins: s € S} and max S := {maxs: s € S}.

Definition 3.1. Let r be an n-ary algebraic relation on D and rj; one of its
extensions to M. For every map u: #(rp,M) — M that preserves the unary
algebraic relation S(D) on M, we define the associated map up: 2(r,D) — D by

up(w) = (u(Boxo (o) oay,)).

Lemma 3.2. Let D and M be finite algebras for which there exist homomor-
phisms o: M — D*, for some k, and f: D — M such that 8 and « o 3 are
one-to-one. Let r and s be two finitary algebraic relations on D and let rj; and sy
be their extensions to M.

If u: A (rp,M) — M is a map that preserves sy and B(D), then the map
up: 2(r,D) — D preserves s.

Proof. Lets < D" and let (z1,...,2,) € s for z; € P(r,D), with i €
{1,...,n}. Then (z1,...,z,) € s yields the following sequence of assertions of which
each implies the subsequent one:

(Boxzyo(ao )™ oa‘rM,...,ﬁoan(aom*l o) € B(s) C sum,
(u(Boxyo(aoB)to Qrpg)s - u(foxyo(ao B)to Qry,)) € s N BD)",
(B(up(z1)),- .-, Blup(zs))) € sir S a™ (a0 B)(5)),

((ao B)(up(@1)), ..., (o B)(up(x1))) € (a0 B)(s),

(

up(x1),...,up(x,)) € s,
the last step using the fact that o o 3 is one-to-one. O

Proposition 3.3. Let D and M be finite algebras for which there exist homo-
morphisms o: M — DF, for some k, and 3: D — M such that 8 and oo 3 are
one-to-one. Let S be a subset of Zp and r an n-ary algebraic relation on D. For
each s € S take s); to be an arbitrary (but fixed) extension of s to M and define
Sm={sm: s€S}. If S entails r on D, then Sy U{B(D)} entails minr on M.

Proof. Let u: .#(minr,M) — M be a map that preserves Sy, and (D).
By the previous lemma, the map up preserves every relation in S. We now take
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(x1,...,2y) € minr where every z; is in .# (minr, M). Since (a(z1),...,a(zy,)) €
(o B)(r), we have

(aoB)toa(rr),...,(aoB) toals,)) €r
Hence
(eoB)toaomr Oﬁ|r,...,(aoﬁ)_1oaoxn05|r) er

with
(€of) toaomo Bir € Z(r, D).

By hypothesis S entails r and consequently up preserves r. Hence

(up((aoB)toaoziof,),...,up((aoB) ooz, 0p,)) €.

We note that

up((aof) toaomwo Bir)

= ﬂ_l(u(ﬂo (a o ﬂ)_l oo Oﬂ\r o (a o ﬂ)_l o a\minr)) = 6_1(1‘6(1'1))
because
6|r © (Oé © 6)_1 O & minr = id|min7"

and

Bo(aof) toaox; =

once x; € 3(D) for every i € {1,...,n}. But then we get

(B~ (@), B (ulen))) € 7,
which implies (u(z1),...,u(zy)) € minr. O

Corollary 3.4. Let D and M be finite algebras for which there exist homo-
morphisms o: M — D*, for some k, and 3: D — M such that 8 and a o 8 are
one-to-one. Let r be a finitary algebraic relation on D. Then {maxr, 3(D)} entails

minr on M.

As an immediate consequence we obtain the following result which is a restricted
version of Theorem 3.3 of our companion paper [7].
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Corollary 3.5. Let D and M be finite algebras such that D € IS(M). Let
B: D — M be an embedding.

If GU H U R entails an algebraic relation s C D™ (the graph of a partial algebraic
operation h) on D, then min G Umin H Umin RU {3(D)} entails the relation min s
(the graph of the partial operation min h) on M.

One can feel that a result in the same spirit on the transferral of dualisability
up from D to M via the minimal extensions might be true as well. This is indeed
the case and Corollary 3.5 has served us the springboard for proving this in our
companion paper [7]. The proof required some essential work to be done (see [7], pp.
48-51) and here we just present the final result. We note that this was one of the
main results of [10]; comparing it with the present result, here we use the additional
assumption that the dualising structure G U H U R is finite which, however, is the
case in all known dualities to date.

Corollary 3.6 ([7], Corollary 3.9; see also [10], Proposition 2.1). Let M be a
finite algebra in 9 = ISP(D) and assume that D € IS(M). If D is dualisable via a
finite set of relations, then M is dualisable.

More specifically, assume that D = (D;G,H,R,T) yields a duality on & such

that GU H U R is a finite set and a: M — DF and B: D — M are one-to-one
homomorphisms. Then the structure

M = (M;T'gq, min G, min H, min R, T)

yields a duality on ISP(M) = 9.

In the particular setting of Corollary 3.6, that is, when « is one-to one and so D and
M are finite generators of the same quasivariety, the maximal and minimal extensions
of any relation on D coincide. So it is formally correct to replace min G, min H and
min R in Corollary 3.6 by max G, max H and max R, respectively and to say that
“dualisability can be transferred from D to M via the maximal extensions”.

In the more general setting of having 2 as a subquasivariety of .# with D being
a subalgebra of M, the maximal and minimal extensions do not coincide but are
somehow identifiable in the entailment sense. As we will see, in the presence of
a specific set of endomorphisms of M plus a unary relation on M, the minimal
extension of a relation entails and is entailed by the maximal one.
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Proposition 3.7. Let D and M be finite algebras for which there exist homo-
morphisms o: M — DF, for some k, and 3: D — M such that 8 and o o 3 are
one-to-one. Let S be a subset of 8p and r be an n-ary algebraic relation on D. For
each s € S take sp; to be an arbitrary (but fixed) extension of s to M and define
Sy = {sm: s € S}. If S entails r on D, then Sy U {3(D)} UT'3, entails maxr
on M.

Proof. Suppose that r is an n-ary relation. By Test Algebra Theo-
rem 2.2, we only need to prove that (u(o*7),...,u(e2?**")) € maxr whenever u:
A (maxr, M) — M is a map preserving SMU{ﬁ( )}Ufga. Let u: A (maxr, M) —
M be a map that preserves Sy and S(D) and {Somjoa: j € {1,...,k}}. By
Lemma 3.2, the map up preserves every relation in S and so it preserves r. Since we
have that (we are shortening <" to g; now) ((ao3) toawopy, ..., (acB) toacp,) €
r we also have that (up((ao ) oaogi08,),...,up((aoB) toaocp,0p,)) €r
We note that for every i € {1,...,n},

ﬁo(aoﬁ)_langioﬁo(aoﬁ)_loa|maxr:Qioﬁo(aoﬁ)_loa|maxr
once g; 0 3o (aoB)"to | maxr € B(D). Then
(u(:Ql o ﬁo (O{ o ﬁ)_l o a\maxr)a o 7U(Qn o BO (Oé o ﬁ)_l o a|maxr)) S ﬁ(r)v

which implies that

(a(u(gl © ﬂ © (a 0 ﬂ)_l o maxr))v SRR a(u(gn © 5 o (a o 5)_1 o almaxr))) €ao 5(7A)

For every i € {1,...,n}, let v; := g; 0 Bo (a0 B)" Lo Q| maxr- We have

alu(vi)) = (87" o fom oa(u(vi),...,B7" o Bomoa(u(v:)))
= (B (u(Bomoaou)),...,07 (u(B om0 aow)))
= (B (u(Bomoaocg)),....07 (u(Bom oaop))
= ( ) )

ptofomoa(u(e)),...,87 o fomoalu(e

= a(u(ei))

and so (u(g1),...,u(on)) € maxr as required. O

Corollary 3.8. Let D and M be finite algebras for which there exist homo-
morphisms o: M — DF, for some k, and 3: D — M such that § and o o 3 are
one-to-one. Let r be an n-ary algebraic relation on D. Then minr U {3(D)} UT' g4

entails maxr on M.

If we also apply Corollary 3.4 then we get the following result.
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Corollary 3.9. Let D and M be finite algebras for which there exist homomor-
phisms o: M — D, for some k, and 3: D — M such that 3 and «o3 are one-to-one.
Let S be any set of n-ary algebraic relations on D. Then min SU{3(D)}UTI g, entails
and is entailed by max .S U {3(D)} UT'g, on M.

Remark 3.10. We note that from the last corollary one can conclude that every
globally minimal failset (for the concept see [11] or [1], Chapter 8) not containing
partial endomorphisms and (D), contains minr if and only if it contains maxr.
If (¢ 0 B)(D) = a(M) then every globally minimal failset without partial endomor-
phisms contains min 7 if and only if it contains maxr (see Lemma 3.4 of [7]).

4. TRANSFERRING STRONG DUALITIES UP

In this section we assume that ¥ = .# and that « is one-to-one. Recall that this
means that the maximal and the minimal extensions coincide. We will present what

seems to be the only natural way of transferring the strong duality “up” from D to
M where D € IS(M).

We start with two lemmas considered as part of the folklore.

Lemma 4.1. Let X and Y be topological spaces. For every continuous map
¢: X =Y, the map ¢: X% — Y* defined by

50(<x8>ses) = (p(zs))ses

is continuous for the product topologies.

Lemma 4.2 ([1], Lemma B.1, p. 337). If y: X — Y is a continuous map from
a compact topological space X to a Hausdorff topological space Y and U C X is
closed, then v(U) C Y is closed, too.

For any map 7v: A — B we denote by 7° the map from A to B® defined by
v5(a) = (bs),cs Where by = (a) for every s € S.
The first main result of this section shows how the strong dualisability can be

transferred via a one-to-one homomorphism.
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Theorem 4.3. Let D be a finite algebra and M = 3(D), where (3 is a one-to-one
homomorphism. If D yields a strong duality via a finite set G U H U R of (partial)
operations and relations on D, then M yields a strong duality on M via the set
I'ge Umin G Umin H Umin RU {5(D)}.

Proof. By Corollary 3.6, M yields a duality on M. It remains to prove
that every closed substructure of M is term-closed. So let X be a closed sub-
structure of M®. We take the corresponding subset 371(X) = {(871(z4))ses:
(zs),cg5 € X} of DS, Since the topological space D* is Hausdorff, by Lemma 4.1
and Lemma 4.2 we have that 3~!(X) is a closed subset of D“. For every h € GUH,
let (%1,...,T,) € domh with Zy,...,T, € B71(X). Then there exist 7,,...,7, € X
such that for all s € S we have T;(s) = 371(y,;(s)) for i € {1,...,n}. But then
Wy, --,7,) € min (dom h). We are assuming that X is a substructure of M* whence
min h(gy,...,7,) € X, and so B(h(Z1,...,Typ)) € X and finally h(T1,...,Z,) €
B~HX). Thus 71 (X) is a closed substructure of D°. Now we take an element Z of
M#S\ X. Then 8~1(z) € D%\ 371(X). As D is strongly dualisable, 3~(X) is term-
closed, whence there exist term functions t1,t5 such that ¢1,¢, agree on 3~(X) but
t1(B71(Z)) # t2(B71(2)). Since h is a one-to-one homomorphism, we get that t1,ts
agree on X but ¢1(Z) # t2(Z). Hence X is term-closed and the proof is complete. O

We continue with the Strong Duality Transfer Theorem of Davey and Haviar [3].
We note that in the case D is a subalgebra of M, the embedding 5: D — M is just
the inclusion map, the set of the endomorphisms I'g, of M has the specific form
Q= {Qia(M) oa: 1 <4<k} and the structure min G Umin H Umin R is denoted by
GpUHpURp.

Theorem 4.4 ([3], Strong Duality Transfer Theorem). Let D be a finite algebra,
let M be a finite algebra in 9 := [SP(D) which has D as a subalgebra. If the
structure D = (D;G, H,R,T) yields a strong duality on 9 based on D, then the
structure

M :=(M;Q,Gp,Hp U{o}, Rp U{D},T)

yields a strong duality on 2 based on M.

Our aim here is to present this result in our more general setting where D €
IS(M). Let 5: D — M be a one-to-one homomorphism and assume that D =
(D;G,H, R, T) yields a strong duality on 2 via a finite set G U H U R. We derive
the transferral of the strong duality from D into M in two steps. In the first step
we apply Theorem 4.3 to transfer the strong duality from D to M’ := g(D). We
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obtain that M’ is strongly dualisable via I'g, Umin G Umin H Umin RU{3(D)}. In
the second step, having now M’ as a subalgebra of M, we apply the Strong Duality
Transfer Theorem 4.4 above. We obtain a new result:

Theorem 4.5 (Generalized Strong Duality Transfer Theorem). Let M be a fi-
nite algebra in 2 := ISP(D) and assume that D € IS(M). Let 3: D — M and
o: M — D, for some k, be one-to-one homomorphisms. If D is strongly dualisable
then also M is strongly dualisable.

More specifically, if D = (D; G, H, R, T) yields a strong duality on 9 via a finite
set GU H U R, then the structure

M = (M;Tgq, min G,min H U{c},min RU{B(D)},T)

yields a strong duality on .# = ISP(M), where o is the generalized schizophrenic
operation and I'g, := {0 Q?(M) oa: i €{1,...,k}}.

Remark 4.6. When transferring the strong duality from D to M, where D is
(isomorphic to) a subalgebra of M, it turns out that we cannot avoid the presence
of the (generalized) schizophrenic operation ¢ in the structure M. In [5], Theorem
4.3., using the concept of structural entailment introduced there, the authors proved
that provided D is actually a subalgebra of M, if (i) D = (D; G, H, R, T) is an alter
ego that strongly dualises D, (ii) M := (M;G’', H', R, T) is an alter ego of M that
strongly dualises M, and (iii) for every non-empty set 7" and every closed substructure
X of MT, the set X N DT is a substructure of D” (this is shown in [3], p. 219),
then o has an extension in the enriched partial clone of M, which means that o is

essentially present in M.

5. STRONG DUALISABILITY OF A QUASI-VARIETY IS INDEPENDENT OF THE
GENERATING ALGEBRA

The result in the title of this section was proved by J. Hyndman in [8]. In her
‘categorical approach’ she uses Lemma 3.8 of [2] and the necessary and sufficient
conditions in it needed for a dualising set to yield a strong duality. After presenting
her proof, she mentions the construction used in [3] (which is Theorem 4.4 presented
in the previous section) and the use of “one further partial operation”, meaning the
schizophrenic operation. But the efficient use of the schizophrenic operation had
obviously not been employed in Hyndman’s approach. It will be employed in our
approach in this section.
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Here we present a new and, we hope, a little bit more transparent proof of Hyn-
dman’s result in three steps and under the assumption that the strongly dualising
structures are finite. Having a strongly dualisable finite generator (let us call it the
first generator) of a quasi-variety embedded in some finite power of another finite
generator (let us call it the second generator), in the first step one can apply our The-
orem 4.3 to transfer the strong dualisability of the first generator via this embedding
into a subalgebra of the power of the second generator. Then by the Strong Duality
Transfer Theorem 4.4 and the use of the schizophrenic operation, the strong dual-
isability can be transferred from this subalgebra to the actual power of the second
generator. Finally, in the third step, one needs to show how the strong dualisability
can be transferred from that power to the second generator itself. We only need to
present the third step of our method.

In the next two results the relations of D are regarded as relations on D and
each (partial) operation h: domh C D*" — D" of D* in G U H is then replaced by
the homomorphisms 7; o h: domh — D, where 7;: D* — D is the j-th projection,
je{l,...,k}. We will call such structure the associated structure on D.

Proposition 5.1. If a set of finitary algebraic relations GU H U R on D* entails
PBpr, then the associated structure on D entails Bp.

Proof. Letr € #p be an n-ary relation and let u: Z(r,D) — D be a map
that preserves the structure on D associated with GU H U R. We want to prove that
(u(}), ..., u(oh)) € r. We define v: 2(id*(r), D*) — D¥ by

v(z) = (u(m oz oid®), ... u(my oz 0id")).

We note that here id* denotes the homomorphism from r < D" to (Qk)" given by
id*(ay,..., an) = ((a1,...,a1),...,(an,...,a,)). We claim that v preserves GU H U
R. We take a relation s in R (a graph of a partial operation h € G U H) of arity m
and we assume that (z1,...,Z,,) € s with 2, = (my0a;,...,mpo0x;) € Q(idk(g),gk).
Then ((71 0 21 Oidk,...,wk oy Oidk),..., (m1 0, Oidk...,wk omeidk)) € s with
Tj O X; O id* e 2(x,D). Since u preserves s we have that

((u(my oy 0id¥), ... u(my o 21 0id¥)), ..., (u(my 0 T 0id¥) ... u(my 0 Ty, 0 1dF)))

belongs to s, that is, (v(z1),...,v(zm)) € s, thus v preserves s. Since v preserves
G UH UR, we conclude that v preserves id® (r). We denote by p; the i-th projection
from (Qk)" onto D”. For every i € {1,...,n}and every j € {1,...,k}, the composite
p; o id” I is a homomorphism from r into D* that maps every element (a1,...,ap)
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to (@i, .., a:). As (p1 Liak(rys-- - Pn k) € 1d°(r) with p; [, € 2(id"(x), D),
we have (v(p1 [iar(r))s -« > V(Pn Tiarer))) € id*(r), that is,

((u(m o p1 Tigrry © id®), ..., u(m, o ;1 lidk (r) © id")), ...
oo (um o pp Tigegry © idk)a oo, u(TE O Pr Tigr(ry © idk)))

belongs to id*(r). We note that
(u(ﬂ-l O Pi rid’“(r) o ldk)a s 7“’(7% O Pi ridk(r) ° ldk)) - (U'(Q:)a s 7U(Q:))a

and so ((u(e}),...,u(e})), ..., (u(e}), .. uley) € id"(r). We finally obtain
(u(g}),...,u(g})) € r as required. O

Proposition 5.2. IfD* strongly dualises D* via a finite set of (partial) operations

and relations GUHUR on D, then the associated structure D on D strongly dualises
D.

!

Proof. By applying Proposition 5.1 we get that the structure D on
associated with G U H U R entails #p. By Lemma 2.4, D dualises D. We
claim that this duality is strong. Let X be a closed substructure of D®. Con-
sider the closed subset X* of (D*)%. We claim that X* is a substructure of
(D*)S. Let h € GU H and assume domh C (D*)* and (Zy,...,Z,) € domh
with Z; € X*. Then for all j € {1,...,k}, (m;(T1),...,7m(Ty)) € domh C X"
Since X is a closed substructure of D, we have that h(m;(Z1),...,7;(T,)) € X.
But then (h(71(Z1),...,m1(Tn)),- -, h(7k(T1), ..., m(Tn))) € X, or equivalently,
h(Z1,...,Tn) € X*. So X* is a substructure of (D¥)3.

Now we take an element y of D%\ X. Then id"(y) € (D¥)5\ X*. As X" is a
closed substructure of (D¥)® and, by assumption, D* strongly dualises DF, there
exist term functions ¢,¢y such that ¢;,t, agree on X* but tl(idk(y)) + tg(idk(y)).
Since id*(X) C X* we have that t;,%, agree on id*(X). But id" is a one-to-one
homomorphism, which implies that ¢, ¢2 agree on X but ¢1(y) # t2(y). Hence X is
term-closed. 0

Under the additional assumption that the strongly dualising structures are finite,
which, as mentioned previously, is the case in all known strong dualities to date, we
now give a new proof for the result due to Hyndman [8], which is interpreted so that
strong dualisability of a quasi-variety is independent of the generating algebra.
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Theorem 5.3. Let D be a finite algebra and let D strongly dualise D via a finite
dualising structure. Then every finite generator M of ISP(D) is strongly dualisable
via a finite structure, too.

Proof. Let M be a finite generator of [SP(D). Note that D is embedded in
some finite power M* of M via a one-to-one homomorphism . If D strongly dualises

D via a finite structure, then by Theorem 4.3, the copy S(D) of D in MF is strongly
dualisable via a finite structure, too. By the Strong Duality Transfer Theorem 4.4,
MF is then also strongly dualisable via a finite structure. Finally, by Proposition 5.2,
M is strongly dualisable via a finite structure. O

6. TRANSFERRING STRONG DUALITIES DOWN

In Section 4 we have presented a natural way of transferring a strong duality “up”
from a finite algebra D to a finite algebra M, where D € IS(M) and M € ISP(D).
In this section we apply the results of Sections 4 and 5 to show how the transferral of
strong dualisability can also be made “down” from the algebra M to the algebra D.
We use a structure introduced in [10] (and also used in [7]). We start with recalling
the basic setting and the shape of the transferred structure.

Let the finite algebras D and M be such that D € IS(M) and M € ISP(D),
and therefore D and M generate the same quasi-variety. Let §: D — M and
a: M — D”, where k > 1, be one-to-one homomorphisms.

For every n-ary partial operation h: domh C M™ — M, let domh, C D™ be
the set of all elements (g o @)((a1,...,a,)) of the form

((91 © a)(al)v SRR (Qk 0 a)(al)v SRR (91 o a)(a’n)a sy (Qk o a)(a’n))a

where (a1, ...,a,) € domh. Let h,: domh, — D* be the map defined so that for
all (a1,...,a,) € domh,

ha((eo@)((ar, ..., an))) = a(h(as, . .., an)).

We observe that h,, is a homomorphism from the subalgebra dom h,, of D" into D*
whenever h is algebraic over M (cf. [10], p. 201).
For every m-ary relation » on M, we define the mk-ary relation r,, on D as

ro :={(0oa)((a1,...,am)): (a1,...,am) €T}

We again observe that r, is algebraic over D whenever r is algebraic over M (cf. [10],
p. 202). Let us denote a structure on D defined from a given structure G U H U R
on M as follows:
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(a) Ga:={019Gas---,0k°ga: g € G};
(b) Ha ::{Qlohaw"vgkoha: hGH},
(¢) Ry :={ra: r € R}.

This structure was used in the following result from [7].

Lemma 6.1 ([7], Corollary 4.7). Let D and M be finite generators of the same
quasi-variety and let $: D — M and a: M — Qk, for some k > 1, be one-to-one
homomorphisms. If M is dualisable via a finite set {w1,...,w;} UG U H U R, then
D is dualisable via the set End(D) UG, U H, U Ry U {a(M)}.

Now using the results of Sections 4 and 5, we can present the final result of this
paper.

Theorem 6.2. Let D be a finite algebra, let M be a finite algebra in & := I[SP(D)
and assume that D € IS(M), so that D and M generate the same quasi-variety. Let
8: D — M and a: M — D*, for some k, be one-to-one homomorphisms. Let us

assume that
M= (M;G,H,R,T)

yields a strong duality on ISP(M) and the set GU H U R is finite.
Then the structure D,, defined to be

(D;End(D), Ga, Ha U {(o 8) 4 0 o\ ®*P )" 1< j <k}, Ra U {a(M)}, T)

yields a strong duality on ISP(D).

Proof. First we introduce the following notation: given homomorphisms ~;:
A;, — B; withie {1,...,k}, we take 71 X ... X to denote the homomorphism from
Aqx...xXAg to By x...xBy that maps each (a1, ..., ax) to (v1(a1), ...,y (ar)). We
apply the Generalized Strong Duality Transfer Theorem 4.5 to transfer the strong
duality from M via the embedding /' = a: M — D*. We obtain that Tgrar U
min G Umin H U {¢’} Umin RU {#'(M)} strongly dualises D*, where

o =Bx...xp3: D¥ - MF,
Fﬁ’o{’:{ﬁ/Oﬂ-jOO/: 1<j<k}:{0606071'j: QkHDkl 1<j<k?},
o' =(aof) I x...x(a0f) s (a0 B)(D)* — D,

and minG = {go: g € G}, min H = {hy: h€ H}, minR = {r,: r € R}.
Now the result follows from Proposition 5.2. O
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