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Using coloured ordered sets to study finite-level full
dualities

BRIAN A. DAVEY, MIROSLAV HAVIAR, AND JANE G. PITKETHLY

ABSTRACT. We consider all the full dualities for the class of finite bounded distributive
lattices that are based on the three-element chain 3. Under a natural quasi-order,
these full dualities form a doubly algebraic lattice 3. Using Priestley duality, we
establish a correspondence between the elements of F3 and special enriched ordered
sets, which we call ‘coloured ordered sets’. We can then use combinatorial arguments
to show that the lattice F3 has cardinality 280 and is non-modular. This is the first
investigation into the structure of an infinite lattice of finite-level full dualities.

1. Introduction

How much choice did H. A. Priestley have in setting up her duality [16,
17] for the variety D of bounded distributive lattices? There is a concrete
sense in which there is only one full duality for D based on the two-element
bounded lattice 2 (see Example 2.5). We shall show that, in contrast, there are
uncountably many different full dualities for the class Dg, of finite bounded
distributive lattices based on the three-element bounded lattice 3.

The lattice 3 has been a seminal example throughout the development of
natural duality theory [3, 4, 7]. Recently, in work on the Full Versus Strong
Problem, the lattice 3 was the basis for the first example of a finite-level duality
that is full but not strong (Davey, Haviar and Willard [10]).

In general, a finite algebra M admits essentially only one finite-level strong
duality, but can admit many different finite-level full dualities. These finite-
level full dualities form a doubly algebraic lattice 7. This lattice, introduced
by Davey, Pitkethly and Willard [12], is constructed by imposing a very natural
quasi-order on the collection of all alter egos that fully dualise M at the finite
level.

In this paper, we study the lattice F3 of all finite-level full dualities based
on 3. We show that this lattice has size 2%° by order-embedding the powerset
©(N) into F3 (Section 6). We also show that F3 is non-modular (Section 9).
The complexity of the lattice F3 is somewhat surprising, given that the cor-
responding lattice for the two-element bounded lattice, Fa, has size 1.
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Indeed, this is the first investigation into the structure of an infinite lattice
of finite-level full dualities. The lattice F is known to have size 1 whenever
M is a finite semilattice or abelian group (Davey, Haviar and Niven [6]), or a
finite algebra injective in the quasivariety it generates (Davey and Werner [15]).
The lattice F is finite for any quasi-primal algebra M [12].

We study the lattice F3 indirectly, using Priestley duality. In Section 5, we
establish a correspondence between the alter egos that fully dualise 3 at the
finite level and certain enriched ordered sets, which we call ‘coloured ordered
sets’. These are structures of the form (C; <, <), where < is an order on C
and < is a subset of < satisfying certain conditions (Definition 5.1). A finite
coloured ordered set (C; <, <) can be presented pictorially, by starting with
the ordered-set diagram of (C; <) and adding a ‘coloured edge’ between the
elements of each pair in <. (See the diagrams in Section 5 onwards.)

We shall set up a quasi-order on coloured ordered sets that corresponds
exactly to the natural quasi-order on alter egos (Definition 5.6). Having done
this, we can study the structure of the lattice F3 via a purely combinatorial
analysis of coloured ordered sets.

2. General background

We shall translate our duality-theoretic problem into a combinatorial prob-
lem. The translation process, developed over Sections 4 and 5, requires some
familiarity with the finite-level version of Priestley duality. We begin with a
brief refresher, and refer to Clark-Davey [1] for more details.

Priestley duality 2.1. Priestley duality provides a natural correspondence
between Dy, the class of all finite bounded distributive lattices, and Pgy,
the class of all finite ordered sets. This correspondence is based on the two-
element bounded lattice 2 = ({0,1};V, A,0,1) and the two-element ordered
set 2 = ({0,1}; <), where 0 < 1. We use

H: Dﬁn — fpﬁn and K: fpﬁn — :Dﬁn

for the associated hom-functors:

e the dual of a finite lattice L is H(L) = (hom(L, 2); <), where the order is
defined pointwise from 2;

e the dual of a finite ordered set P is K(P) = (hom(P, 2);V, A, 0, 1), where
the lattice operations are defined pointwise from 2;

e the dual of a lattice homomorphism ¢: L; — Lo is the order-preserving
map H(p): H(Ls) — H(Ly) given by H(¢)(@) = @ o ¢ the dual of an
order-preserving map is defined similarly.

This pair of hom-functors provides a dual equivalence between Dg, and Pgy,.
In particular, there is a natural isomorphism er,: L — KH(L), for each L

in Dgy, defined by er,(a)(z) = z(a). Similarly, there is a natural isomorphism
ep: P — HK(P), for each P in Pg,,.



Coloured ordered sets 71

Priestley duality, as described above, is a particular example of a natural
duality. We next provide the minimum amount of background in natural
dualities that is needed to set up our problem. For a detailed discussion
of this particular background material, including the proofs, see the recent
paper by Davey, Pitkethly and Willard [12]. For a comprehensive treatment of
natural dualities in general, including motivations and deep applications, see
the Clark—Davey monograph [1].

Alter egos 2.2. Fix a finite algebra M = (M; F).

e For all n > 1, an n-ary relation r on M is an algebraic relation on M if it
is the underlying set of a subalgebra r of M".

e For all n > 0, an n-ary partial operation h: r — M on M is an algebraic
partial operation on M if the domain r is the underlying set of a subalgebra
r of M" and h: r — M is a homomorphism.

An alter ego of M is a partial algebra M = (M; H) such that H is a set of
algebraic partial operations on M. We can also include algebraic relations in
the type of an alter ego: they simply correspond to algebraic partial operations
that are projections. (In general, an alter ego is endowed with the discrete
topology. But topology will play no role in this paper, as we only work at the
finite level.)

As in Priestley duality, the choice of an alter ego IM of M induces a pair of
hom-functors D: Ag, — Xgn and E: Xg, — Agn, where

e Ay, consists of all algebras that embed into M", for some n > 0, and
e Xy, consists of all (possibly empty) partial algebras that embed into M",
for some n > 1.

If, as in Priestley duality, the natural embeddings ea: A — ED(A) and
ex: X — DE(X) are isomorphisms, for all A € Ag, and X € Xgy, then
we say that the alter ego M fully dualises M at the finite level.

Quasi-order on alter egos 2.3. To define the term-reduct quasi-order on
the collection of all algebras on the set M, we only need to say what we mean
by the term functions of an algebra. Analogously, to define the structural-
reduct quasi-order on the collection of all alter egos of the algebra M, we only
need to say what we mean by the structural functions of an alter ego.

Let M = (M;H) be an alter ego of M. The partial clone of M is the
smallest set of partial operations on M that contains H, contains all total
projection operations on M and is closed under composition (with maximum
domain).

Let h: r — M be an m-ary algebraic partial operation on M, for some
n > 0. We say that h is a structural function of the alter ego M if

e 1 has an extension in the partial clone of M, and
e 1 is conjunct-atomic definable from MM (that is, the subset r of M™ can
be described in M by a conjunction of atomic formulee of type H).

In particular, each h € H is a structural function of M = (M; H).
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We now say that an alter ego M, is a structural reduct of an alter ego IM,,
and we write IM; & M,, if every structural function of M, is also a structural
function of M,. To show that M, C M,, where M, = (M; H;), it is enough
to show that every partial operation in H; is a structural function of IM,.

This quasi-order induces a natural equivalence on the alter egos of M.
We say that alter egos M, and M, are structurally equivalent, and we write
M, = M,, if they have exactly the same structural functions. We shall write
M, C M, to mean that M; & M, and M; # M,.

(Note that our definition of structural reduct is equivalent to that used
by Davey, Haviar and Willard [11], and therefore our definition of structural
equivalence is equivalent to that first introduced by Clark and Davey [1].)

Lattice of alter egos 2.4. The set of all alter egos of M with the structural-
reduct quasi-order can be factored, in the natural way, to obtain an ordered
set Am. In fact, the ordered set Anm of (equivalence classes of) alter egos forms
a doubly algebraic lattice [12, §2]. The join in the lattice Apm corresponds to
the union of representatives [12, 2.7]. More precisely, for alter egos M, =
(M; H;) of M, indexed by a non-empty set I, we have

Vier (Mi/z) = (Uiel Mz‘)/5> where (J;c; M, = <M5 Uier Hi>-

The meet in Ap cannot be calculated easily via representatives [12, 2.7].

Our equivalence on the alter egos of M is compatible with the basic concepts
of duality theory. In particular, if one alter ego in an equivalence class yields a
finite-level full duality, then every other alter ego in the equivalence class does
too. So we can consider the subordered set F of the lattice Ap consisting
of the equivalence classes of alter egos that fully dualise M at the finite level.
In fact, the ordered set Fuv forms a complete sublattice of Am [12, 5.5].

The top element of Fyp is represented by the alter ego M, := (M; Hg),
where Hg is the set of all algebraic partial operations on M. Up to structural
equivalence, this is the only alter ego that strongly dualises M at the finite
level [12, 4.6].

Example 2.5. [12, 3.5] Up to structural equivalence, the bounded lattice 2
has only two alter egos: the chain 2 = ({0,1}; <) and the set 2, = ({0,1}; ).
The alter ego 2 fully dualises 2 at the finite level, but 2, does not. So the
lattice F2 has size 1.

Our main aim in this paper is to prove that, in contrast with the example
above, the lattice F3 is uncountable.

We rely on two general results about finite-level full dualities. The first,
which helps us to recognise structural functions, follows from results due to
Davey, Haviar and Willard [11, 3.3 and 3.9]. Note that, for an n-ary algebraic
relation  on M, the set hom(r, M) consists of all algebraic partial operations
on M with domain 7 and includes the projections p1,...,p,: r — M.
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Useful Lemma 2.6. Let M be a finite algebra. Assume that M fully dualises
M at the finite level. For each algebraic relation r on M, the following are
equivalent:

(1) every partial operation in hom(r,M) is a structural function of M,

(2) some partial operation in hom(r,M) is a structural function of M;

(3) the relation r is conjunct-atomic definable from VI;

(4) the set hom(r,M) is generated by the projections in the direct power IM".

The second result, below, gives us access to all the elements of the lattice
JFwm, provided we have knowledge about the bottom element.

Full Enrichment Theorem 2.7. [12, 5.3] Let M be a finite algebra. Assume
that M, = (M; Hy) fully dualises M at the finite level, and let M, = (M; Hs)
be an alter ego of M with M, T M,. The following are equivalent:

(1) M, fully dualises M at the finite level;

(2) for all h € Hy\Hy, every algebraic partial operation on M with the same
domain as h is a structural function of Msy;

(3) for each relation r that is the domain of a partial operation in Ho\Hy,
the set hom(r, M) is generated by the projections in (IM,)".

Note that the implication (1) = (2) of this theorem comes straight from the
Useful Lemma. The reverse implication is the surprising part, and gives us
the following corollary.

Corollary 2.8. Let M be a finite algebra, and assume that M, = (M; Hy)
fully dualises M at the finite level. Let R be a set of algebraic relations on M,
and define Hy := Hy U, cphom(r,M). Then M, := (M; Hz) fully dualises
M at the finite level.

3. A first look at the lattice F3

We now start to look at the lattice F3 of finite-level full dualities. (As in
the last section, we view F3 as a lattice of alter egos of 3, modulo the natural
equivalence.) We begin by summarising what is already known about F3.

Define the three-element bounded lattice

§ = <{O7 d7 1}7 \/7 /\7 Oa 1>a

where 0 < d < 1. Define the two endomorphisms f and g of 3 and the binary
algebraic partial operations h and o on 3 as in Figure 1. These four partial
operations play a very important role throughout the paper.

The alter ego 3, := ({0,d,1}; f, g) of 3 yields a duality on the variety D
of bounded distributive lattices, but does not even yield a full duality on Dgy,
(Davey, Haviar and Priestley [8]).

Bottom of F3 3.1. The alter ego 3, := ({0,d, 1}; f, g, h) yields a full duality
on Dg, (Davey, Haviar and Willard [10]). In fact, every alter ego that fully
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FiGURE 1. The algebraic partial operations f, g, h and o on 3

dualises 3 at the finite level must have f, g and h as structural functions. To
see why, assume that 3 fully dualises 3 at the finite level. The unary relation
{0,d,1} is trivially conjunct-atomic definable from 3. So the unary algebraic
operations f and g are structural functions of 3, by the Useful Lemma, 2.6.
Using f and g, we can describe the domain of h:

dom(h) = { (z,y) € {0,d,1}* | g(z) = f(y) }.
Now, using the Useful Lemma again, we obtain h as a structural function of 3.
It follows that 3, is a representative for the bottom element of F3.

It is important to note that, whereas every enrichment of 3 yields a du-
ality on D, not every enrichment of 3, yields a full duality on Dg,. (We
illustrate this in Example 4.12.) In other words, the lattice F3 does not form
an increasing subset of As. Nevertheless, the alter ego 3, is the jumping-off
point for our study of the lattice F3. Via the Full Enrichment Theorem, 2.7,
we can use 3, to access all elements of F3.

Top of F3 3.2. The alter ego 3, := ({0,d,1}; f,g,0) yields a strong duality
on D (Davey and Haviar [4]). So 3, is a representative for the top element
of F3. In other words, the alter ego 3, is structurally equivalent to the top
alter ego 3.

In the lattice F3 of finite-level full dualities, the top element is the only
one that actually gives a full duality for the whole variety D of bounded
distributive lattices (Davey, Haviar and Willard [10]).

Coatom of F3 3.3. We shall say that an n-ary algebraic relation r on 3 is
quasi-boolean if each element of N {0,1}™ has a complement in the sublattice
r of 3". Now let Hg denote the set of all algebraic partial operations on 3
with quasi-boolean domain, and define the alter ego 3 5 := ({0,d, 1}; Hg). We
finish this section by showing that 3 5 is the unique coatom of F3.

(For any finite non-boolean bounded distributive lattice L, an analogous
alter ego Lz yields a finite-level full but not strong duality [12, 5.10].)

Lemma 3.4. The top element of the lattice F3 is completely join-irreducible,
and the alter ego 3 5 is a representative for its unique lower cover.



Coloured ordered sets 75

Proof. First note that f,g,h € Hg. Since 3, fully dualises 3 at the finite
level, it follows from Corollary 2.8 that 3 5 also fully dualises 3 at the finite
level. So 3 5 represents an element of Fj.

Next we check that 3 5 is not structurally equivalent to the top alter ego 3.
The set X := {0,1} does not form a substructure of 3, since X is not closed
under the partial operation o. We shall show that X forms a substructure
of 3 5. Since substructures are closed under structural functions, it will then
follow that o is not a structural function of 3 5, and thus that 3 5 # 3.

Consider an n-ary partial operation k: r — 3 in Hg and let a € r N X" =
rN{0,1}". Asr is quasi-boolean, there is a complement ¢ for a in the lattice r.
As k is a homomorphism, the elements k(a) and k(c) are complements in 3.
Thus k(a) € {0,1} = X. So X forms a substructure of 3 5, whence 35 # 3.

Now let 3 be an alter ego that fully dualises 3 at the finite level. We can

finish the proof by showing that
(x) if 3 # 3, then 3 is a reduct of 3 5 (and therefore 3 C 3 5).
We prove the contrapositive. Assume that there is an n-ary partial operation
k:r — 3 in the type of 3, for some n > 1, such that r is not quasi-boolean.
We want to show that 3 = 3. Since 3 = 3, it is enough to show that f,
g and o are structural functions of 3.

As 3 fully dualises 3 at the finite level, we know that it has f and ¢ as
structural functions (see 3.1). By the Useful Lemma, 2.6, it now remains to
prove that the domain of ¢ is conjunct-atomic definable from 3.

As r is not quasi-boolean, there is an element a = (ay, ..., a,) of rN{0,1}"
that does not have a complement in the lattice r. So a’ ¢ r, where o’ denotes
the pointwise complement of a in {0,1}™. We claim that

dom(c) = { (z0,21) € {0,1}? ’ (Tay Tags- -+ Ta,) ET }.

(To see this, note that (xg,x1) = (0,1) implies (24, Tay,---,%a,) = @ € T,
and that (zg,x1) = (1,0) implies (Za,, Tags---sTa,) = ¢’ ¢ r.) As the unary
relation {0, 1} on 3 is described by the atomic formula f(z) = z, it now follows
that dom(o) is conjunct-atomic definable from 3, as required. O

4. Studying F3 via labelled ordered sets

In this section, we use Priestley duality to encode algebraic relations and
partial operations on 3 as labelled ordered sets. This gives us an initial tool for
studying the lattice F3, and we illustrate its use by showing that F3 contains
an infinite ascending chain. We shall refine this tool in the next section.

Priestley duality has been used to encode algebraic relations on Kleene
algebras [9], Heyting algebras [14] and distributive p-algebras [5, 13].

Definition 4.1. Consider an ordered set P = (P; <). We define a 2-chain in
P to be a subset {a, b} of P, where a < b. (We allow the case a = b.) We say
that a collection {{a;,b;} | i € I} of 2-chains covers P if P = J,¢{ai, b;}.



76 B. A. Davey, M. Haviar, and J. G. Pitkethly Algebra Univers.

Given L € Dy, and a homomorphism z: L — 3, we can define the 2-chain
Z:={fox,gox} in the Priestley dual H(L).

Lemma 4.2. Let L € Dg,. There is a bijection from the set hom(L,3) to
the set of all 2-chains of H(L), given by x — T.

Sketch proof. Priestley duality gives us a bijection between the sets hom(L, 3)
and hom(H(3),H(L)). The dual H(3) is the two-element chain ({f,g}; <),
where f < g. So we can identify a homomorphism z: L — 3 with the image of
its dual H(z): H(3) — H(L), which is a 2-chain in H(L). As H(z)(f) = foux
and H(x)(g) = g o z, we are identifying « with Z. O

Lemma 4.3. Let L € Dy, and let x1,...,x,: L — 3, for somen > 1. Then
the following are equivalent:

(1) the homomorphisms 1, ..., T, separate the elements of L;
(2) the 2-chains T, ..., T, cover H(L).

Sketch proof. Assume (2), and let @ # b in L. There exists y: L — 2 with
y(a) # y(b). By (2), we have y € T; = {f oz, g o x;}, for some i € {1,...,n}.
So x;(a) # x;(b). Thus (1) holds.

Now assume (1). The natural product map & :=zy M-+ -Max,: L — 3" is
an embedding. Choose any y: L — 2 in H(L). As 2 is injective in Dg,, there
exists z: 3" — 2 with y = zo0 . The algebraic operation z must be essentially
unary. (To check this, use the correspondence under Priestley duality between
products in Dg,, and disjoint unions in Pgy,.) Say that z only depends on the
ith coordinate. It follows that y € {f o x;,g o ;} = Z;. Thus (2) holds. O

We can now explain how to encode an algebraic relation r on 3 as a labelled
ordered set. First, note that the abstract ordered set H(r) only captures the
lattice r up to isomorphism, it does not capture the concrete relation r. For
example, the two different relations dom(h) and graph(h) have isomorphic
ordered sets as their Priestley duals.

Correspondence 4.4. Let n > 1. The n-ary algebraic relations on 3 are in a
natural correspondence with ordered sets that are covered by n (not necessarily
distinct) 2-chains labelled p1,. .., pp.

Set up. Say we start with an n-ary algebraic relation r on 3, with the projec-
tions denoted by p1,...,pn: r — 3. We encode r as the ordered set H(r) with
the 2-chains p1,...,p, labelled. (The names of the elements of H(r) can be
forgotten.)

Now start with an ordered set P covered by n 2-chains labelled py, ..., py.
Create an isomorphic copy of the bounded lattice K(P): each order-preserving
map a: P — 2 is renamed as an n-tuple (a1, ...,a,), where

e a; = 0, if the 2-chain p; is disjoint from a~1(1);

e a; = 1, if the 2-chain p; is contained in a~1(1);

e a; = d, if the 2-chain p; is split by a~!(1).

This set of n-tuples forms the decoded algebraic relation on 3.
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1(0,d)
(1) P2 Z
~> 9 1(d1) p3
(0.d) p1 p1
©0.0) o 1(L,1)
dom(h) graph(h) dom(o)

FIGURE 2. Some encoded algebraic relations on 3

(1,1) = s U Tu
1s = (1,d) (d,1) = Tu
s (dd) = 1tUTv
Tt = (d,0) (0,d) = Tv
(0,0) =2

FIGURE 3. Recovering an algebraic relation on 3

Justification. Let r be an n-ary algebraic relation on 3. By Lemma 4.3, the
ordered set H(r) is covered by the labelled 2-chains py, ..., p,. We shall check
that we can recover r by applying the decoding algorithm above. We use the
isomorphism e, : r — KH(r). Choose any a: H(r) — 2. Then o = e;(a), for
some a = (ay,...,a,) € r. For each i € {1,...,n}, we have

a(fopi)=ex(a)(fopi)=[fopi(a)=fla;) and a(gop;)=g(a).

Since p; = {f o pi,g o p;}, it is now easy to check that the n-tuple a corre-
sponding to « agrees with that given by the decoding algorithm.

Now let P be an ordered set covered by n 2-chains labelled pi,...,p,.
We shall check that this labelled ordered set comes from an n-ary algebraic
relation on 3. We have P = H(L), for some L € Dg,. By Lemma 4.2, there
are homomorphisms z1,...,z,: L — 3 corresponding to the labelled 2-chains
P1,---,pn of P. By Lemma 4.3, these homomorphisms separate the elements
of L. So the product map £ ;=21 M---Mx,: L — 3" is an embedding. The
n-ary algebraic relation £(L) corresponds to the given labelled ordered set. [

Figure 2 gives the encodings of three important algebraic relations on 3.
Figure 3 gives an example of decoding an appropriately labelled ordered set.
(Note that we identify a map into {0,1} with the pre-image of 1.)

We can easily tell whether or not an algebraic relation on 3 is quasi-boolean
from its encoding as a labelled ordered set (see 3.3).
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FIGURE 4. Some encoded algebraic partial operations on 3

(1,1)

R 1
(1,d) (d,1)
(d,0) (0d) K
R 0

(0,0)

FIGURE 5. Recovering an algebraic partial operation on 3

Lemma 4.5. Let r be an n-ary algebraic relation on 3, for some n > 1, with
the projections p1,...,pn: * — 3. Then the following are equivalent:

(1) r is quasi-boolean;
(2) for every increasing but not decreasing subset A of H(r), there is some
pi split by A (that is, with gop; € A and fop; ¢ A).

Proof. Both (1) and (2) are equivalent to the following condition: for each
element a € r that does not have a complement in r, there is some ¢ with
pi(a) =d. O

Using the previous lemma and Figure 2, it is easy to confirm that the
relations dom(h) and graph(h) are quasi-boolean, while dom(o) is not.

We can now encode algebraic partial operations on 3 by using Correspon-
dence 4.4 to encode their graphs. Applying Lemma 4.3, we easily obtain the
following correspondence.

Correspondence 4.6. Let n > 1. The n-ary algebraic partial operations k
on 3 are in a natural correspondence with ordered sets that are covered by n
2-chains labelled py,...,p, and that also have a 2-chain labelled k.

Figure 4 gives the encodings of the important algebraic partial operations
f, g, h and o on 3. Figure 5 follows on from Figure 3, and gives an example
of decoding an algebraic partial operation on 3.

We want to be able to use the Full Enrichment Theorem, 2.7, to obtain
new finite-level full dualities based on 3. So we would like an easy method
for checking condition 2.7(3), that is, for generating inside hom-sets. In the
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FIGURE 6. Encoding of the partial operation k,,: r,, — 3

remainder of this section, we show how to describe such generation via labelled
ordered sets.

The following lemma tells us how we can use Priestley duality to interpret
algebraic partial operations on 3 pointwise on hom-sets.

Generation Lemma 4.7. Let v € Dg,, and z1,...,2,,y € hom(r,3), for

somen > 1. Let k: s — 3 be an n-ary algebraic partial operation on 3, with

the projections p1,...,pn: s — 3. Then the following are equivalent:

(1) y = k(x1,...,2y) in hom(r, 3);

(2) there is an order-preserving map p: H(s) — H(r) that sends the 2-chain
pi onto the 2-chain T;, for each i € {1,...,n}, and sends the 2-chain K
onto the 2-chain y.

Proof. We have (z1,...,2,) € s in hom(r,3) if and only if there exists a
homomorphism %: r — s such that p; o ¢ = z;, for all « € {1,...,n}, in
which case ¥ = 21 M-+ Mxy,; see [1, 8.1.2]. Using Priestley duality, we
can now assume that (z1,...,z,) € s and there is an order-preserving map
¢: H(s) — H(r) such that ¢(p;) = z;, for all ¢ € {1,...,n}, where ¢ =
H(z,M---May,). The homomorphism k(z1,...,2,): r — 3 corresponds to the
morphism ¢ o H(k): H(3) — H(r), which corresponds to the 2-chain (k) in
H(r). Tt follows that (1) < (2). O

We have now developed enough theory to construct an infinite ascending
chain in the lattice F3 of finite-level full dualities.

Definition 4.8. Let n > 2 and let k,: r,, — 3 be the n-ary algebraic partial
operation encoded in Figure 6. (The relation r, encodes as the 2n-element
crown with ‘vertical’ covers corresponding to projections.) Define the alter
ego 3, := ({0,d,1}; f, 9, kn) of 3. The partial operation k, is given explicitly
in Figure 5, where it is called k.

Lemma 4.9. For n > 2, the alter ego 3,, fully dualises 3 at the finite level.

Proof. We shall use the Full Enrichment Theorem, 2.7, to prove that 3 fully
dualises 3 at the finite level. We know that 3, := ({0,d,1}; f,g,h) fully
dualises 3 at the finite level; see 3.1. We first check that 3, C 3, , by showing
that h is a structural function of 3.

The domain 7j of h is conjunct-atomic definable from 3, using f and g;
see 3.1. We shall use the Generation Lemma, 4.7, to find an extension of h in
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o 9(p2)

1) © 1)
FIGURE 7. Generating the set hom(rs, 3) from projections

the partial clone of 3,,. For clarity, we use different notation for the projections
P, ph: vy — 3 on the domain of h and the projections p7,...,p": r,, — 3 on
the domain of k,,. The two ordered sets H(r;,) and H(r,,) are shown in Figures 4
and 6.

There is an order-preserving map ¢: H(r,) — H(r,) that sends p} onto
ph. sends each of p, ..., p" onto p? and sends k, onto h. So the Generation
Lemma tells us that h = k,(p4, p%, ..., p). Thus h is a structural function
of 3., whence 3, C 3.

To check condition (3) of the Full Enrichment Theorem, we want to show
that each homomorphism y: r,, — 3 can be generated from the projections
Ply- -, Pn: Iy — 3 using the partial operations f, g, k,. We can use the Gen-
eration Lemma and Figure 4 to calculate generation via labelled ordered sets.
We need to check that each 2-chain § of H(r,) can be generated from the 2-
chains p1, ..., p, using the partial operations f, g, k,. The case n = 2 is shown
in Figure 7. O

Lemma 4.10. For alln > 2, we have 3,, = 3, 1.

Proof. Let n > 2. We can now use the fact that 3, and 3,,, fully du-
alise 3 at the finite level. To prove that 3, C 3, .4, we just need to show
that k, is a structural function of 3,,,. We can do this using the Useful
Lemma, 2.6, and the Generation Lemma, 4.7, by checking that each 2-chain
in H(r,) can be generated from pi,...,p, using f,g,k,+1. (For example,
we have %n = kn+1(D1s .-+, Pns Pn), as witnessed by the order-preserving map
¢: H(rp41) — H(ry) that sends p1, ..., pnt1 000 Py ..., Py Pr-)

To prove that 3,,, £ 3,, we again use the Useful Lemma and the Gen-
eration Lemma. To show that k,,; is not a structural function of 3,, we

n’

check that not every 2-chain in H(r,41) can be generated from pi,..., pnt1
using f, g, k,. (The operations f and g generate the one-element 2-chains. To
then use k,,, we need an order-preserving map from the 2n-crown H(r,,) to the
2(n + 1)-crown H(r,1) that sends ‘vertical’ covers into ‘vertical’ covers; but
such a map must send everything into a single ‘vertical’ cover. Once we have
developed more theory, we shall be able to give a more rigorous proof of this
fact; see Example 7.5.) O
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The following example comes straight from Lemmas 4.9 and 4.10.

Example 4.11. There is an infinite ascending chain
320330 3,0

of alter egos of the bounded lattice 3, defined in 4.8, each of which fully dualises
3 at the finite level.

This example gives us an infinite ascending chain in the lattice F3. We next
show that, while F3 is a complete sublattice of the lattice Ag of all alter egos
of 3, it is definitely not a filter of As.

Example 4.12. There is an infinite ascending chain
3,C3,C3,C35C08,C

of alter egos that alternately do and do not fully dualise 3 at the finite level,

where r?\’,;z = <{07 dv 1}; fvg» kna 7ﬂn+1>-

Proof. This claim will follow straight from Example 4.11, once we have shown
that 3/, does not fully dualise 3 at the finite level. But we observed in the
proof of Lemma 4.10 that not every 2-chain in H(r,,4+1) can be generated from
the projections using f, g, k,. As r,y1 is conjunct-atomic definable from 3’

it follows by the Useful Lemma, 2.6, that 3/ does not fully dualise 3 at the
finite level. 0

5. Studying F3 via coloured ordered sets

By abstracting the encoding of algebraic relations and partial operations
on 3 developed in the previous section, we shall obtain an even more powerful
tool for studying the lattice Fs.

Consider the encoding of the binary relation dom(h), as a labelled ordered
set, given at the start of Figure 2. If we swap the two labels p; and p3, then
the new relation that we encode is simply the converse of dom(h). In general,
if we permute the labels p1,...,p, in the encoding of an n-ary algebraic re-
lation r on 3, then this simply induces the corresponding permutation in the
coordinates of the relation.

Now say that, instead, we change the encoding of dom(h) in Figure 2 by
adding an additional label p3 to the 2-chain labelled p,. This corresponds to
making dom(h) into a ternary relation on 3 by repeating its second coordinate.
In general, adding or removing repeated labels in the encoding corresponds to
adding or removing repeated coordinates in the relation.

Since we are only concerned with alter egos of 3 up to structural equivalence,
we do not care about permutations or repetitions of coordinates. So, when
using the ordered set H(r) to encode an n-ary algebraic relation r on 3, we
can forget the labels p1,...,p, and just keep the dotted lines that mark the
2-chains corresponding to projections. We shall view these marked 2-chains
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as having been ‘coloured’. (The dotted lines are standing in for the solid red
lines used in our working notes.)

Definition 5.1. Let C = (C'; <, <) be a non-empty structure, where both <
and < are binary relations. Then we call C a coloured ordered set if

(1) (C;<) is an ordered set such that each connected component is finite, and
(2) < is a subset of < such that C = 71 (<) U ma(<).
We call < the order relation of C, and we call < the colour relation of C
(shown in diagrams with dotted lines). A morphism of coloured ordered sets
must be both order-preserving and colour-preserving.

Given a coloured ordered set C = (C; <, <) and a connected component B
of the order-reduct (C; <), the substructure of C with universe B is itself a
coloured ordered set; we shall call these substructures the connected compo-
nents of C.

Based on Lemma 4.5, we say that a coloured ordered set C = (C; <, <) is
quasi-boolean if, for each <-increasing but not <-decreasing subset U of C,
there is some a < b in C with a ¢ U and b € U.

Correspondence 5.2. Let n > 1. The n-ary algebraic relations on 3 are in a
natural correspondence with coloured ordered sets (C'; <, <) such that |<1| < n.

Set up and justification. This follows from Correspondence 4.4. Say we start
with an n-ary algebraic relation r on 3. We first form the ordered set H(r).
Then we colour (rather than label) each of the 2-chains py, ..., p, correspond-
ing to the projections pi,...,p,: r — 3. Since 2-chains in H(r) correspond
to elements of the order relation on H(r) and since the 2-chains p1,..., pn
cover H(r), we create a coloured ordered set with |<1| < n.

In the other direction, we start from a coloured ordered set C = (C; <, <)
such that |<1| < n. We view < as the set of coloured 2-chains of the ordered
set (C;<). Condition 5.1(2) guarantees that the coloured 2-chains cover C.
We now choose any labelling of the coloured 2-chains with py, ..., p,: each of
the n labels must be used exactly once, and each coloured 2-chain must have
at least one label. This labelled ordered set corresponds to an n-ary algebraic
relation on 3. The relation is independent of our choice of labelling, up to
permutation and repetition of coordinates. O

An algebraic relation r on 3 is directly decomposable if, modulo coordinate
permutation, it is of the form p x ¢, for some algebraic relations p and ¢ on 3.
Otherwise, the relation r is directly indecomposable.

Lemma 5.3. Under Correspondence 5.2 above, the directly indecomposable
algebraic relations on 3 correspond to connected coloured ordered sets.

Proof. We shall see that this follows straight from the correspondence between
products in Dy, and disjoint unions in Pg, under Priestley duality. Let r be
an n-ary algebraic relation on 3, for some n > 1.
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First assume that r is directly decomposable. Then r & p x q, for algebraic
relations p and ¢ on 3. So H(r) = H(p) U H(q), and therefore r encodes as a
disconnected coloured ordered set, under Correspondence 5.2.

Now assume that r encodes as a disconnected coloured ordered set C U D.
Let p and ¢ be algebraic relations on 3 that encode as C and D, respectively.
Then p x q encodes as C U D. So r is equivalent to p X ¢, modulo coordinate
permutation and repetition. Thus r is directly decomposable. ([l

We can now use coloured ordered sets to encode alter egos that fully dualise
3 at the finite level.

Definition 5.4. Let C be a coloured ordered set, and let € denote the set
of all connected components of C. Then € is a set of finite coloured ordered
sets. Now choose any set Rc of algebraic relations on 3 that corresponds to
the set €, via 5.2. We define the alter ego

3c = <{0’d7 1} {f.g,h} U UreRc hom(r, §)>

We see next that, up to structural equivalence, this alter ego is independent
of our particular choice for Rc.

Lemma 5.5.

(1) For each coloured ordered set C, the choice made in Definition 5.4 only
affects the alter ego 3 up to structural equivalence.

(2) For each coloured ordered set C, the alter ego 3 fully dualises 3 at the
finite level.

(3) For each alter ego 3, that fully dualises 3 at the finite level, there is a

coloured ordered set C such that 3 = 3.
(4) A coloured ordered set C is quasi-boolean if and only if 3¢ E 34, that

is, if and only if 3 # 3q.

Proof. Let C be a coloured ordered set. We know that 3, fully dualises 3 at
the finite level (see 3.1). So it follows by Corollary 2.8 that 3 fully dualises
3 at the finite level (independent of our choice for R¢). Thus (2) holds.

To prove (1), say that we choose a different set R in Definition 5.4, leading
to a different alter ego 3. We want to show that 3 = 3. We know that the
two alter egos 3 and 3 fully dualise 3 at the finite level, by (2). So, using
the Useful Lemma, 2.6, it is enough to prove that the domain of each partial
operation in the type of 3¢ is conjunct-atomic definable from 3, and vice
versa. Since the two sets Rc and Rg correspond to the same set C of coloured
ordered sets, they are conjunct-atomic interdefinable (using permutation and
repetition of coordinates). So (1) now follows easily.

For (3), assume that 3 fully dualises 3 at the finite level. Define D to be the
set of all directly indecomposable algebraic relations on 3 that are conjunct-
atomic definable from 3. For each r € D, construct a connected coloured
ordered set C, corresponding to r (see 5.3). We now define the coloured
ordered set C :=JC, where C:={C, |r€ D}.
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By construction, the set of connected components of C is precisely C. So,
when we are setting up the alter ego 3 ¢ in Definition 5.4, we can take Rc :=
D. We now want to prove that 3 = 3. The alter egos 3 and 3 fully
dualise 3 at the finite level. So, as in our proof of part (1), we can use the
Useful Lemma, 2.6.

We know that f, g and h are structural functions of 3 (see 3.1). The domain
of every other partial operation in the type of 3~ belongs to Rc = D, and is
therefore conjunct-atomic definable from 3. Thus 3 C 3.

Now consider the domain r of a partial operation in the type of 3. The
relation r is essentially a product of directly indecomposable algebraic re-
lations on 3. We want to show that these indecomposable factor relations
are conjunct-atomic definable from 3, and therefore in D. So assume that
r = p X q, where p is an n-ary directly indecomposable algebraic relation on 3,
for some n > 1. Then

p:{(xla-“vxn) 6{07d71}n ‘ (xla-~~7xnaf($l)a"'7f(xl)) ET}?

as the algebraic relation ¢ contains the constant tuples (0,...,0) and (1,...,1).
As f is a structural function of 3, we now have p € D = R¢. It follows that
7 is conjunct-atomic definable from 3. Thus 3 T 3.

We have shown that 3 = 3, whence (3) holds. Finally, the definition of
a quasi-boolean coloured ordered set ensures that (4) holds; use Lemmas 3.4
and 4.5, plus claim (x) from the proof of Lemma 3.4. O

We want this encoding to reflect the structure of the lattice F3 of finite-level
full dualities. More specifically, given coloured ordered sets C and D, we want
to be able to determine directly whether or not 3o E 3p.

Definition 5.6. We shall define a binary relation = on the class of all coloured
ordered sets. Consider coloured ordered sets C = (C; <, <) and D. We shall
explain the steps involved in showing that C C D.

You can read ‘C C D’ as ‘C can be coloured using D’. Roughly speaking,
we want to use D to add colour to C, so that C becomes completely coloured.
Define steps (0), (1), (2), ... as follows.

(0) Create Cy from C by strengthening the colour relation into an order.
More precisely, let <1y be the reflexive, transitive closure of <t on C'
and define the coloured ordered set Cy := (C; <, <)

(k4 1) Find a morphism ¢i: D — Cjg. Then create Cgqq from Cy by
colouring the image of ¢. More precisely, let <141 be the tran-
sitive closure of < U ¢r(<p) and define the coloured ordered set
Cit1:=(C; <, Qppg1)-

If it is possible to follow steps (0), (1), (2), ..., (¢), for some ¢ > 0, in such

a way that C becomes completely coloured (more precisely, so that <1, = <),

then C C D.

In fact, to show that C C D, it is clearly enough to use D to colour all the

covering pairs in the order relation < of C.
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FIGURE 8. C can be coloured using D

We want to show that our newly defined relation C on coloured ordered
sets corresponds exactly to the structural-reduct relation on alter egos. But
first we illustrate the definition with an example.

Example 5.7. Consider the coloured ordered sets C and D in Figure 8, which
correspond to the alter egos 3, and 35 from Definition 4.8; namely, 3o = 3,
and 3 = 35. We have already seen that 3, C 35, in Example 4.11.

We can show that C = D by following steps (0) and (1) of the definition
above, using the morphism ¢o: D — Cy given by

s+—s, t—t, u—u v—v, wkr—u and x+— .

The 2-chain {u,t} of C is coloured by the 2-chain {u,t} of D. The 2-chain
{s,v} of C is coloured by the 2-chain {s,z} of D.

Lemma 5.8. Let C and D be coloured ordered sets. Then C C D if and only
if 3¢ E 3p-

Proof. Let C={C; |ie I} and D ={D, |j e J} be the sets of connected
components of C and D. It is easy to see from Definition 5.6 that C C D if
and only if C; C D for all 4 € I. We know that the join in the lattice F3 is
given by the union of representatives; see 2.4. As 3¢ = J;c; 3, it follows
that 3o C 3p if and only if 35, £ 3 for all i € I. Thus we can now assume
that the coloured ordered set C is connected and so it is also finite.

Let C = (C; €, <) and define n := |<|. Choose an n-ary algebraic relation r
on 3 corresponding to C, via 5.2, and let p7,..., pl: r — 3 be the projections.
Then we can identify the ordered set (C; <) with H(r), and identify the colour
relation <0 with the set of 2-chains {p7, ..., pI }. Each element of < corresponds
to a 2-chain in H(r), and therefore to a homomorphism from r to 3. (We use
Lemma 4.2 throughout this proof.)

As C corresponds to r, we can take Rc = {r} in Definition 5.4, giving

,"*\)’JC = <{0’ da 1}5 {fa 9, h} U hom(r7§)>.
We want to show that the following are equivalent:
(1) 3¢ E 3p;
(2) the set hom(r, 3) is generated by the projections pf,...,p in (3p)";
(3) CCD.
We know that 3 - and 3 fully dualise 3 at the finite level, by Lemma 5.5. So
(1) & (2) follows from the Useful Lemma, 2.6. To prove (2) < (3), we outline
how the steps in Definition 5.6 correspond to generation in hom(r, 3).
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Choose an m-ary algebraic relation s on 3, for some m > 1, with projections
P35, ..., P58 — 3. Assume s corresponds to some D; = (D;; <;, <;) from D.
Then <; corresponds to the set {pf,..., p5,} of projections, and each element
of <; corresponds to an algebraic partial operation on 3 with domain s.

Let X be a subset of hom(r,3) that includes the projections pj,..., ph.
Then X corresponds to a subset <ix of C? with <« C <1x C <, and Cx =
(C; <, <x) is a coloured ordered set.

Now consider a homomorphism y: r — 3 and its corresponding 2-chain
ay < by in C. By the Generation Lemma, 4.7, the following are equivalent:

e the homomorphism y can be generated from X using an algebraic partial
operation on 3 with domain s;
e there is a morphism ¢: D; — Cx such that (ay,b,) € p(<;).

If the colour relation on Cyx is reflexive, then every morphism from D; to Cx
can be extended to a morphism from D to Cx. It now follows that the steps
in Definition 5.6 correspond to generation of the set hom(r,3) in (3 )", where
colouring a 2-chain means it has been generated. Note that generation with
the endomorphisms f and g corresponds to taking the reflexive closure of the
colour relation, and generation with the binary partial operation h corresponds
to taking the transitive closure of the colour relation (see Figure 4). O

Definition 5.9. The structural-reduct relation C on the set of all alter egos
of 3 is a quasi-order. So it follows from Lemma 5.8 that our new relation C
on the class of all coloured ordered sets is also quasi-order (with only a set
of equivalence classes). We shall use = to denote the induced equivalence on
coloured ordered sets, and C to denote the induced strict quasi-order.

We can now define C to be the ordered set obtained by factoring, in the
natural way, the class of all coloured ordered sets equipped with the quasi-
order C. We shall usually not work with actual elements of C (which are
equivalence classes of coloured ordered sets). We shall instead work with
representatives of the elements of C (which are individual coloured ordered
sets, but considered modulo equivalence).

We have now done nearly all the work necessary to relate our new ordered
set C to the lattice F3 of finite-level full dualities.

Corollary 5.10.

(1) The ordered set C of coloured ordered sets is isomorphic to the ordered set
F3 of finite-level full dualities, and thus forms a doubly algebraic lattice.

(2) The join in C corresponds to the disjoint union of representatives: for
coloured ordered sets C and D, we have (C/=)V (D/=) = (CUD)/=.

(3) A coloured ordered set is a representative for the top element of C if and
only if it is not is quasi-boolean.

(4) A coloured ordered set C = (C; <, <) is a representative for the bottom
element of C if and only if < is the reflexive, transitive closure of < on C.
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P, P, S+t Se So

FIGURE 9. Some different coloured ordered sets

Proof. Define {: C — F3 by {(C/=) := 3/=. Then Lemmas 5.5 and 5.8
can be used to show that £ is a well-defined order-isomorphism. The remain-
ing claims in parts (1) and (2) now follow from 2.4, part (3) follows from
Lemma 5.5(4), and part (4) follows straight from Definition 5.6. O

In contrast with joins, there is no easy way to calculate meets in the lattice
C using representatives. We will be able to say a surprising amount about the
structure of C, considering that we will not calculate any meets.

Remark 5.11. Using Definition 5.6, we easily see that every coloured ordered
set C = (C; <, ) is equivalent to a coloured ordered set Cy = (C'; <, <Ig) such
that <lg is an order. (Just take <ip to be the reflexive, transitive closure of <
on C.) From now on, when we specify a coloured ordered set C = (C; <, <)
via a diagram, we shall always take <1 to be an order on C; but in the diagram
we will only draw in the minimum necessary coloured (that is, dotted) edges.

Example 5.12. We illustrate the power of our new correspondence by exhibit-
ing an infinite descending chain in C, and therefore in F3. For each n > 2,
define the ‘plait’ coloured ordered set P, := ({0,1,...,n}; <n, <) such that
<, is the usual order on P, and <, is the reflexive, transitive closure of the
binary relation

{Gi+2)]ie{0,....,n—2}}
on P,. The first three plaits are drawn in Figure 9. Note that (P,;<,) is a

chain, and that (P,; <) is the disjoint union of two chains.
We shall show that C contains the infinite descending chain

P23P33P4j"'.

Let n > 2. Using Definition 5.6, it is easy to check that P, 1 C P,,: use the
two embeddings from P,, into P,,;. To prove that P, [Z P,,1, consider a
morphism ¢: P11 — P,. Since |P,11| > |P,|, the map ¢ is not one-to-one.
So ¢ collapses a covering pair in <,41. But this means that the range of ¢
is <p-connected in P,,. Thus ¢ maps P,11 into one of the two <,,-chains
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FiGURE 10. Five equivalent coloured ordered sets
o 3 o} (1,1,1,1) o

dd1,1)6 — o1

(07d7d71) - d

PUNN
i
D 1‘\ ““\ ~ (07O7d7d) - 0
P2 . ) /
S, &0 & (0,0,0,0) &

FIGURE 11. The unique atom of the lattice Fg

of P,,. But this implies that ¢(<,4+1) € <. So we cannot add colour to P,
using P11, whence P,, Z P,, 1, as required.

In fact, this infinite descending chain is an extension of our infinite ascending
chain from the previous section (Example 4.11): it is easy to see that Py C C,
where C is shown in Figure 3 and corresponds to 3,.

Example 5.13. We now exhibit our first antichain in C, and therefore in F3.
Define the ‘spiral’ coloured ordered sets S+, Sg, Sg and S as in Figure 9. It
is straightforward to check that:

e Sg and Sy are non-comparable, that is, Sg £ Sg and Sg £ S¢;

e S represents the join of Sg and Sy in the lattice C, that is, ST = SgUSo;

e S, is below the meet of Sg and Sg in C, that is, S; C Sg and S; T Sy.
We do not know whether or not S actually represents the meet of Sg and Sg.

As an illustration of the care needed when studying coloured ordered sets,
we display in Figure 10 a collection of five seemingly different coloured ordered
sets, all of which are equivalent to Sg U Sg.

Example 5.14. Because the lattices C and F3 are isomorphic, we know that
the top element of C is completely join-irreducible (Lemma 3.4). We now
show that the bottom element of C is completely meet-irreducible, and that
the unique atom of C is represented by the spiral S; = ({0,1,2,3}; <, <) as
in Figure 11. Note that < is taken to be an order on S, even though this is
not shown in the diagram.
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Corollary 5.10(4) tells us that S, is not a representative for the bottom
element of the lattice C. Now let D be a coloured ordered set that is also not
a representative for the bottom of C. We want to show that S; C D.

By Corollary 5.10(4), the reflexive, transitive closure of <Ip is not equal
to <p. Since each connected component of D is finite, there must be a non-
coloured cover a <p b in D. We can define a morphism ¢: D — S| by

3 ifa<pzandx ¢ {a,b},
2 ifx =0,

€T) =
#(@) 1 ifzx=a,

0 otherwise.

(To check that ¢ is colour-preserving, note that (1,2) is the only order-related
pairin S, that is not coloured.) Since (1,2) = (¢(a), ¢(b)) € ¢(<p), it follows
that S| C D. Thus the bottom element of C is completely meet-irreducible,
and S represents its unique upper cover.

This simple example already tells us something about the structure of the
lattice F3 of finite-level full dualities that might not be so easy to discover
directly.

Corollary 5.15. The bottom element of the lattice F3 is completely meet-
irreducible, and the alter ego 3, := ({0,d,1}; f, g, h,{) is a representative for
its unique upper cover, where £ is the 4-ary algebraic partial operation on 3
from Figure 11.

Proof. The previous example (and the proof of Corollary 5.10) tells us that
the bottom of F3 is completely meet-irreducible, and that the alter ego

3. = ({0,d,1}:;{f, g, h} Uhom(r,3))
is a representative for its unique upper cover, where r := dom(¢). Since 3,
is a reduct of 3 |, it remains to check that 3, C 3,. Using the Generation
Lemma, 4.7, and Figures 4 and 11, it is easy to check that each 2-chain in H(r)
can be generated from the projections using f, g, h, {. So each partial operation
in hom(r, 3) has an extension in the partial clone of 3,, as required. O

6. The lattice F3 is uncountable

In this section, we find an order-embedding from the powerset §(N) into
the lattice C of coloured ordered sets. It will then follow that the isomorphic
lattice F3 of finite-level full dualities has

e cardinality 2%,

e an uncountable antichain, and

e an uncountable chain.

Our order-embedding is built from an infinite sequence W1, Wy, W3, ... of
finite coloured ordered sets.
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o as

FIGURE 12. An infinite antichain of coloured ordered sets

Definition 6.1. Let n > 1. The coloured ordered set W,, = (W,; <., <)
is defined according to the pattern indicated in Figure 12. Note that the
colour relations on W1, W5, W3 are actually the reflexive, transitive closures
of those shown in the diagrams. So the colour relation <i,, on W,, consists of
all ordered pairs in <,, except those of the form (a;,a;), where ¢ and j have
different parities (that is, one is odd and the other is even).

We now introduce a concept of distance in coloured ordered sets. Consider
any coloured ordered set C = (C; <, <) such that < is an order on C. The
colour relation <1 determines a distance function

dist4: C? — NU{0, 00},

where dist4(a,b) is the length of the shortest fence between a and b in the
ordered set (C'; <1). (This is the usual definition of distance in an ordered set.)
We require the following easy fact about distances in the W,,’s.

Lemma 6.2. Let n € N and let (¢,d) € <,\<,. Then disty, (c,d) is either
2n+1 or 2n+ 2.

Proof. As (c,d) € <,\<yp, we know from Definition 6.1 that (c,d) = (as, a;),
for some 4, j with different parities. Since (a;, a;) € <,,, we see from Figure 12
that there are three cases:

(1) i=0and j > 3, with j odd;

(2) i=1and j > 2, with j even;

(3) i > 2 and j > i, with ¢ and j of different parities.

In cases (1) and (2), we can see that dist, (a;,a;) = 2n + 1. In case (3), we
have dist, (a;,a;) = 2n + 2. O

We shall now prove that the coloured ordered sets Wi, Wy, W3, ... are
pairwise independent, in the sense that none of them can be used to add any
colour to another one.
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Lemma 6.3. Let ¢: W,, — W, be a morphism, for some m,n € N with
m #n. Then (<) C <y,.

Proof. Let ¢ <;,, d in W,,,. We aim to show that ¢(c) <, ¢(d) in W,,. Since
the colour relation <, is transitive, we can assume that (¢, d) is a covering pair
in <,,. As @ is colour-preserving, we can also assume that ¢ 4., d. It follows
that we must have (¢, d) = (a;, a;41), for some 7 € {1,...,m+ 1}. So we now
want to show that ¢(a;) <, ¢(a;+1). We consider two cases.

Case 1: m < n. By Lemma 6.2, we have distg,, (a;,a;41) < 2m+ 2. So
disto, (o(as), p(ait1)) <2m+2 <2n+ 1.
As ¢ is order-preserving, we have p(a;) <, ¢(a;+1). So we can use Lemma 6.2
again to deduce that ¢(a;) <, ¢(a;+1), as required.
Case 2: m > n. The order-reduct of W,,, contains the (m + 2)-chain
ay <m az gm et <m Am+2-

But the longest chain in the order-reduct of W,, has size n +2 < m + 2.
Therefore p(a;) = ¢(a;t1), for some j € {1,...,m+ 1}.

The index ¢ must have the same parity as either j or j+1. This implies that
disty,, (a;,a;) <1 or distg, (a;,a;+1) < 1. As ¢(a;) = ¢(a;+1), this gives us

dist<, (p(a:), p(a;)) < 1.

Similarly, we can argue that distg, (¢ (aHl) ¢(a;)) < 1. We now have

dista, (¢(a:), (ai+1)) < distq, (9(asi), ¢(a;)) + dista, (¢(a;), p(ait1))
<2< 2n+1.

By Lemma 6.2, we obtain ¢(a;) <, ¢(a;+1), as required. O
We are now ready to set up our order-embedding from §(N) into C.

Theorem 6.4. There is an order-embedding from $(N) into the lattice C, and
therefore an order-embedding from £ (N) into the isomorphic lattice Fg.

Proof. We use the coloured ordered sets W1, Wy, W3, ... from Definition 6.1
and Figure 12. Let W be the one-element coloured ordered set. For each
non-empty subset S of N, define the coloured ordered set Wg := |JscsWs.
Define £: P(N) — C by £(S) := Wg/=. Now let S,T C N. To prove that £ is
an order-embedding, it suffices to show that S CT <— Wg L Wr.

First assume that S C T. We can assume further that S # &, as Wy
represents the bottom element of C; see Corollary 5.10(4). We can colour Wg
using W via a single morphism ¢: W — Wg such that

e for each s € S, the morphism ¢ maps the component W, of W identi-

cally onto the corresponding component Wy of Wg, and

e for each ¢t € T\ S, the morphism ¢ collapses the component W; of W

onto one element of Wg.

Thus Wg C W
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Now assume that Wg C Wy and let s € S. Since the disjoint union
corresponds to the join (Corollary 5.10), we must have Wy C Wr. So there
is a morphism ¢: Wy — W that adds colour to W. So there must be some
t € T such that p(<;) ¢ <s. By Lemma 6.3, this implies that s = ¢. Thus
SCT.

The two lattices C and F3 are isomorphic, by Corollary 5.10. O

Using basic facts about the powerset §(N), we can deduce the following
information about the lattice F3. Note that the definition of F3, as consisting
of equivalence classes of alter egos of 3, ensures that its cardinality is no more
than 2%,

Corollary 6.5.

(1) The lattice Fs has cardinality 2%°.
(2) The lattice F3 contains an uncountable antichain.
(3) The lattice F3 contains an uncountable chain.

So there are uncountably many different full dualities for Dg, based on 3.
7. Images of coloured-ordered-set morphisms

The next two sections build a foundation for the final section, in which
we prove that the lattice C is not modular. In this section, we introduce the
‘image’ of a morphism of coloured ordered sets. Note that image is a difficult
concept even for plain ordered sets, as a quotient of an ordered set is not
necessarily an ordered set.

Definition 7.1. Let ¢: D — C be a morphism of coloured ordered sets.
Define the coloured ordered set im(y) := (p(D); <4, <), where

(1) the order relation <, is the transitive closure of ¢(<p), and
(2) the colour relation <, is equal to <, N <c.

(See Figure 13 for an example.) It is straightforward to check that im(yp) is

indeed a coloured ordered set. There are two natural morphisms associated

with im(p):

(1) the inclusion ¢: im(p) — C is a morphism, and so we say that im(y) is
a weakened substructure of C;

(2) the morphism ¢: D — im(y) witnesses that im(¢) C D.

Note that we take the order relation on im(y) to be that induced by D, not C;

this ensures that im(¢) C D. But the colour relation on im(y) is induced as

far as possible by C.

Our non-modularity example in the final section will be built from coloured
ordered sets of height 1. First consider a coloured ordered set C whose order-
reduct is a fence of height 1. By drawing a diagram, it is easy to see that, if
C is quasi-boolean, then all covering pairs a < b in C must be coloured. Our
next lemma generalises this fact.
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D labelled via ¢ c 1y im(p)

F1GURE 13. The image of a morphism ¢: D — C

Definition 7.2. Let C = (C; <, <) be a coloured ordered set. A crown in C
consists of distinct elements cg, c1, ..., ¢, of C, for some odd n > 3, such that

COKC1 2K 2C1<C 20
in C, and these are the only order-comparabilities in C between these elements.

Lemma 7.3. Let C = (C;<, <) be a quasi-boolean coloured ordered set. Let
a < b be a covering pair in C, and assume that a is minimal and b is maximal
in (C;<). If a 4 b, then there is a crown in C containing both a and b.

Proof. Assume that there is no crown in C containing both a and b. We
shall prove that a < . Our assumptions guarantee that the relation <, :=
<\{(a,b)} is an order on C. So define the ordered set C, := (C; ;) and let B
denote the connected component of C, containing b. Our proof now proceeds
via a sequence of claims.

Claim 1: a ¢ B. Suppose that a € B. There is a minimal length fence from b
to a in C,. As b is maximal and a is minimal, this fence will be of the form

b=:1ci 2y co<pe32p08 S, 2 1 Ky Cp =) G0 =

where the elements cg,...,c, of C are distinct and there are no extra com-

parabilities between these elements in C;,. Since a %, b in C,, we must have
> 3. Now, as ¢g = a < b = ¢; in C, this fence gives rise to a crown in C

containing a and b, which is a contradiction.

Claim 2: B is a <-increasing subset of C. Let ¢ < d in C with ¢ € B. There

is a fence from b to ¢ in C,. Since ¢ < d in C, this fence will extend to a fence

from b to d in C,, unless (¢,d) = (a,b). We have a ¢ B, by Claim 1, and

¢ € B, by assumption. Thus a # ¢, whence d € B.

Claim 3: B is not a <-decreasing subset of C. We have b € B and a ¢ B

with a < b in C. So B is not a <-decreasing subset of C.

Claim 4: (a,b) is the only pair in < that is split by B. Assume that ¢ < d in
C with d € B and ¢ ¢ B. There is a fence from b to d in C,,. Since ¢ < d in C,
this fence will extend to a fence from b to ¢ in C,, unless (¢,d) = (a,b). As
¢ ¢ B, there is no fence from b to ¢ in C,. Thus (¢,d) = (a,b), as required.
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The result follows from the preceding claims. We showed that B is a <-
increasing but not <-decreasing subset of C. Since C is quasi-boolean, the set
B splits a pair in <, which is a subset of <. But the only pair that can be
split is (a,b). Thus a <1 b, as required. O

The following corollary will be very useful in the final section.

Corollary 7.4. Let ¢: D — C be a morphism of coloured ordered sets.
Assume that D is quasi-boolean. Assume that the ordered set (C;<c) has
height 1 and that <c is reflexive on C. If there are no crowns in im(p), then
v(<p) C <c.

Proof. We will be applying the previous lemma to im(p) = (¢(D); <y, <p)-
The coloured ordered set im(p) must be quasi-boolean, by Corollary 5.10(3),
since D is quasi-boolean and im(p) C D.

Assume that there are no crowns in im(y) and let (a,b) € <p. We want
to show that (¢(a),¢(b)) € <c. As <c is reflexive, we can assume that
w(a) # @(b). Since im(y) is a weakened substructure of C, the ordered set
(p(D); <) has height 1. So p(a) <, @(b) is a covering pair in (p(D); <),
with ¢(a) minimal and ¢(b) maximal. Since there are no crowns in im(yp), it
now follows by the previous lemma that (¢(a), ¢ (b)) € <, C <c. O

We use this corollary here to justify a previous claim about order-preserving
maps between crowns.

Example 7.5. For n > 2, define the coloured ordered set C,, = (Cy; <pn, <p)
to be the 2n-crown with ‘vertical’ covers coloured: the two coloured ordered
sets C3 and Cy are drawn in Figure 8. (As usual, we want the colour relation
to be an order, so we take <, to be reflexive on C,,.) It is fairly easy to see
that each C,, is quasi-boolean.

We now look back at the proof of Lemma 4.10. Our parenthetic claim there
can be rephrased as ‘Each morphism ¢: C,, — C,, 11 satisfies ¢(<;,) C <pt1.’
To prove this claim, we just need to show that there are no crowns in im(yp).
As C,, is strictly smaller than C,, 1, the morphism ¢ cannot be surjective. But
the only crown in C,11 is C,41 itself. As im(yp) is a weakened substructure
of Cy, 41, there are no crowns in im(y). The corollary gives us ¢(<,) C <p11,
as required.

8. Join-irreducible coloured ordered sets

In the next section, we construct a pentagon N5 inside the lattice C. When
setting up the example, we need to show that a certain finite coloured ordered
set represents a join-irreducible element of C. We shall use a sufficient condition
for join-irreducibility that we establish in this section.

We first need the following very basic lemma (which holds more generally
for finite relational structures).
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Lemma 8.1. Let C and D be finite coloured ordered sets with |<c| = |<p|
and |<¢| = |<p|. Every bijective morphism ¢: D — C is an isomorphism.

For short, we say that a coloured ordered set C is join-irreducible in C if C
is a representative for a join-irreducible element of the lattice C. Recall that
the join in the lattice C corresponds to the disjoint union of coloured ordered
sets (Corollary 5.10(2)).

Lemma 8.2. Let C be a finite coloured ordered set. Assume that <c¢ is
an order on C' and that <c # <c. Assume further that every non-bijective
morphism ¢: C — C satisfies o(<c) C <c. Then C is join-irreducible in C.

Proof. We are assuming that <i¢ is an order on C and that <¢ # <¢. So C
is not a representative for the bottom element of C, by Corollary 5.10(4). Now
assume that C = D U E, for some coloured ordered sets D and E. We must
have D C C and E C C. So it suffices to show that CC D or C C E.

The coloured ordered set C is not completely coloured (the order <¢ is a
proper subset of <¢). Since C C DUE, we can use Definition 5.6 to obtain a
morphism ¢: D UE — C that adds colour to C. Without loss of generality,
we can assume that the morphism ¢ := ¢ [p: D — C adds colour to C, that
is, that ¢(<p) ¢ <c.

Define the image im(p) = (¢(D); <., <) as in Definition 7.1. The colour
relation <1, = <, N <¢ is an order on ¢(D), since <I¢ is an order on C. By
our choice of ¢, we have

p(<p) L <c = <o €< = <p L <pN<e = <.

So im(¢p) is not completely coloured.

The morphism ¢: D — im(yp) witnesses that im(p) C D. Since D C C,
we obtain im(y) C C, by transitivity. Using Definition 5.6 again, there must
be some morphism ¢: C — im(p) such that £ adds colour to im(yp), that is,
such that {(<¢) € <. We can choose a <¢ b in C with {(a) #, &(b).

We now have a morphism ¢ o ¢: C — C, where ¢: im(p) — C is the
inclusion. Since £(a) <, £(b) and <, = <, N <d¢, we must have {(a) Ac £(b).
Thus the morphism ¢ o £: C — C does not satisfy ¢ 0 {(<¢) € <. By
assumption, this implies that (o€ is bijective. Using Lemma 8.1, it follows that
to&: C — C is an automorphism, and therefore follows that £: C — im(p)
is an isomorphism.

We now have C 2 im(yp) C D, and so C C D, as required. O

The converse of this lemma does not hold, as shown by the example below.

Example 8.3. Define the coloured ordered sets S and T as in Figure 14. Then
S satisfies the conditions of the previous lemma, and so is join-irreducible in C.
It is easy to check that S = T, whence T is join-irreducible in C. But T does
not satisfy the conditions of the previous lemma, as witnessed by the morphism
@: T — T shown in Figure 14.
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T p: T—T

FiGUure 14. Different representatives for a join-irreducible in C

dVe

(cnd)Ve

cANd

FIGURE 15. Embedding given by Lemma 9.1

The coloured ordered set S corresponds to the domain of the algebraic
partial operation o on 3. It is easy to check directly that S is a representative
for the top element of C and that S is completely join-irreducible in C. This
provides an alternative proof that the top element of F3 is completely join-
irreducible; see Lemma 3.4.

9. The lattice F3 is not modular

There is already an example of a finite (size 17) lattice of finite-level full
dualities Fgr that is non-modular [12], where R is the four-element quasi-
primal algebra that Clark, Davey and Willard [2] used to create the first full
but not strong duality.

We shall finish by showing that the infinite lattice F3 is also non-modular,
by proving C has a sublattice isomorphic to the pentagon Ns. We can do
this without explicitly calculating any meets in the lattice C. Instead, we use
the following simple lemma (which is a modification of the fact that, in a
distributive lattice, every join-irreducible is join prime).

Lemma 9.1. Let L be a lattice and let c,d,e € L. Assume that c is join-
irreducible in L, but that e < ¢ < dVe and c ;( d. Then the lattice L is not
modular. Indeed, the pentagon N5 embeds into L as shown in Figure 15.

Definition 9.2. We define three coloured ordered sets C, D and E in Fig-
ure 16. At the top of the figure is the usual diagram for C. At the bottom
of the figure are the covering graphs for C, D and E. We take the colour
relations <lc, <lp and <g to be reflexive, and therefore orders.
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FIGURE 16. Embedding N5 into C

Note that D is a substructure of C, and that E is a colour-strengthening of
a substructure of C.

We aim to apply Lemma 9.1 in the lattice C using C, D and E. Since they
all have height 1, we no longer have to worry about transitivity.

Lemma 9.3. The coloured ordered sets D and E, from Definition 9.2 and
Figure 16, are quasi-boolean.

Proof. The coloured ordered set D is quasi-boolean as it is a crown with ‘ver-
tical’ covers coloured; see Example 7.5. Now let E” denote the substructure
of C on the set E := C\{1,2}. A colour-strengthening of a quasi-boolean
coloured ordered set is always quasi-boolean. So E” is quasi-boolean (as it
colour-strengthens a crown with ‘vertical’ covers coloured), and therefore E is
quasi-boolean (as it colour-strengthens E”). O

Lemma 9.4. Let C, D and E be the coloured ordered sets specified in Defi-
nition 9.2 and Figure 16. Then EC CC DUE and C £ D.

Proof. To see that E C C, we simply use the morphism ¢: C — E given by
5 ifx=1,
o) =<4 ifx=2,
x otherwise.

We next show that C [Z E. Let ¢»: E — C be a morphism. It is enough to
prove that ¢ does not add colour to C, that is, that ¥(<g) C <c. We know
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that E is quasi-boolean, by Lemma 9.3. So, using Corollary 7.4, it is enough
to prove that there are no crowns in im(%)).

Recall that im(1)) is a weakened substructure of C. So by looking at the
covering graph for C in Figure 16, we can see that, if there is a crown in im(¢)),
then it must also be a crown in C. There are only three crowns in C, each
of which has at least two non-coloured covers. As ¢: E — im(v)) is colour-
preserving, a non-coloured cover in im(t¢) must come from a non-coloured
cover in E. But E has only one non-coloured cover, and so ¢ (<g) cannot
include all the order-comparabilities in any of the crowns in C. Thus there
are no crowns in im(¢), and so we have shown C IZ E. It now follows that
ECC.

It is easy to see that C C D U E: in order to completely colour C, we
first use the embedding from D into C to construct C;, and then use the
embedding from E into C;.

Since we know that E C C, we can prove that C [Z D by showing that
E Z D. As D is a 6-crown and E is an 8-crown, there is no morphism from
D onto E. As D is quasi-boolean, by Lemma 9.3, it follows that E Z D, by
Corollary 7.4. O

Lemma 9.5. The coloured ordered set C, from Definition 9.2 and Figure 16,
is join-irreducible in the lattice C.

Proof. We shall use Lemma 8.2. Let ¢: C — C be a morphism such that
o(<e) € <c. We shall show that ¢ is the identity id¢, and so is bijective.
Our arguments will be based around the picture of the covering graph of C
given in Figure 16.

Define three substructures D, E” and F of C, with the underlying sets

D:={1,2,3,4,5,6}, E’:=C\{1,2} and F:=C\{4,5}.

Then D is as shown in Figure 16, and E” is a weakening of the coloured ordered
set E shown in Figure 16. The coloured ordered set C contains exactly three
crowns, on the sets D, E” and F. Note that both D and E” are quasi-boolean
(see the proof of Lemma 9.3).

We start by considering the restriction ¢| 5 : E> — C. The image im (¢ )
cannot include the crowns D or F, as they have more non-coloured covers
than E°. So the only crown that im(¢[ ) can possibly contain is E° itself.

Case 1: im(p|g) contains the crown E’. Tt follows that o], is an auto-
morphism of E”, using Lemma 8.1. By inspecting the covering graph of C
in Figure 16, we can see that idp, is the only automorphism of E°. Thus
@l = 1idgy, and so ¢ fixes 3 and 6. By a further inspection of the covering
graph of C, we can see that this forces ¢: C — C to fix 1 and 2. Hence
Y = idc.

Case 2: im(p|g») does not contain any crowns. It follows by Corollary 7.4
that p(<g) C <c¢, and therefore im(p[g») is completely coloured. Now
consider the restriction ¢[p: D — C. As <¢ = <p U <> and we started
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by assuming that ¢(<c) € <c, the image of [ is not completely coloured.
By Corollary 7.4, the image im(p| ) must contain a crown. But D is strictly
smaller than the other crowns E* and F of C, and so im(¢[p) contains the
crown D. Thus ¢[p is an automorphism of D, again by Lemma 8.1. Since
(5,4) € <p\<p, this implies that (©(5),»(4)) € <p\<p C <c\<c. But we
also have (5,4) € <g», and therefore (p(5), p(4)) € p(<g») C <, which is a
contradiction. So this case cannot occur. O

We have shown that the coloured ordered sets C, D and E from Figure 16
satisfy the conditions of Lemma 9.1, and so we obtain our final result.

Theorem 9.6. The lattice C of coloured ordered sets is mot modular, and
therefore the isomorphic lattice F3 of finite-level full dualities is not modular.
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