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TiRS graphs and TiRS frames: a new setting for duals of
canonical extensions
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Dedicated to Professor Brian A. Davey on his 65th birthday

ABSTRACT. We consider properties of the graphs that arise as duals of bounded lat-
tices in Ploscica’s representation via maximal partial maps into the two-element set.
We introduce TiRS graphs, which abstract those duals of bounded lattices. We
demonstrate their one-to-one correspondence with so-called TiRS frames, which are
a subclass of the class of RS frames introduced by Gehrke to represent perfect lat-
tices. This yields a dual representation of finite lattices via finite TiRS frames, or
equivalently finite TiRS graphs, which generalises the well-known Birkhoff dual rep-
resentation of finite distributive lattices via finite posets. By using both Plos¢ica’s and
Gehrke’s representations in tandem, we present a new construction of the canonical
extension of a bounded lattice. We present two open problems that will be of interest
to researchers working in this area.

1. Introduction

The canonical extension L® of a bounded lattice L was first introduced by
Gehrke and Harding [12] as the complete lattice of Galois-closed sets associated
with a polarity between the filter lattice Filt(L) and the ideal lattice Idl(L)
of L. We refer to Gehrke and Vosmaer [13] for a recent survey of the theory of
canonical extensions for lattice-based algebras, including a discussion of their
important role in the semantic modeling of logics. Important contributions to
the theory of canonical and natural extensions of lattice-based algebras have
also recently been made by Brian A. Davey et al. [6, 5, 8, 9] to whom the
present paper is dedicated.

The variety £ of bounded lattices is not finitely generated, thus no nat-
ural duality theory in the terms of Clark and Davey [1] is available for L.
There is a well-known representation for £ due to Urquhart [15], which was
later presented in the spirit of natural duality theory by Plosé¢ica in [14]. In
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[3], Ploscica’s topological representation was used for constructing the canon-
ical extension of a bounded lattice L € £. Roughly speaking, this was done
by modifying Priestley’s representation for bounded distributive lattices L so
that total maps from L into {0,1} are replaced by appropriate maximally-
defined partial maps into {0,1}, viewed either as a lattice or a partially
ordered set. A partial homomorphism from L into the two-element lattice
2 = ({0,1},A,V,0,1) is a partial map f: L — {0,1} such that dom f is a
bounded sublattice of L and the restriction f[q,,y, s is @ bounded lattice homo-
morphism. A mazimal partial homomorphism is a partial homomorphism with
no proper extension. The set of maximal partial homomorphisms from L into
2 is denoted by £L™P(L,2). We observe that the elements of £L™P(L, 2) are in
a one-to-one correspondence with the maximal disjoint filter-ideal pairs of L.

More precisely now, Ploscica’s dual of a lattice L is a graph with topology,
D(L) = (£™P(L,2), E,T), where the graph relation FE is given by (f, g) € F if
and only if f~1(1)Ng=1(0) = 0 and the topology T has as a subbasis of closed
sets the set {V,,W, |a € L}, with V, = {f € L™(L,2) | f(a) =0} and
W, ={fe€L"(L,2)| f(a) =1}. We will use the notation D’(L) to refer to
the graph (£L™P(L,2), E). (We note that what we will call a graph is usually
referred to as a digraph.)

Given two graphs X = (X,Fx) and Y = (Y, Ey), a maximal partial
FE-preserving map is a partial map ¢: X — Y such that ¢ preserves E
on its domain and any proper extension of ¢ will not preserve E. The
canonical extension of L constructed in [3] is then taken to be the lattice
C(D’(L)) = §™?(D’(L), 2) of all maximal partial E-preserving maps from
D’(L) = (L™?(L,2), E) to the two-element graph 2 = ({0,1},<). For these
special graphs X = D’(L), as well as for arbitrary graphs X = (X, E), the lat-
tice order in the (complete) lattice C(X) of all maximal partial E-preserving
maps from X into 2 is given by ¢ < ¢ iff 71(1) C ¢ ~*(1) for all , ¢ € C(X)
(see [3, 2]).

In this paper, we show that duals of bounded lattices can be viewed as
so-called TiRS graphs as well as so-called TiRS frames. In Section 2, TiRS
graphs are introduced as an abstraction of the graphs D?(L) obtained from
Ploscica’s duals of bounded lattices L. As the main result, a one-to-one cor-
respondence between TiRS graphs and TiRS frames is shown. We note that
TiRS frames are special RS frames; the latter were introduced by Gehrke [11]
in her dual representation of so-called perfect lattices. We wish to emphasize
that our correspondence between TiRS graphs and TiRS frames does not ex-
tend to a correspondence between RS graphs (which we introduce as a natural
counterpart of the RS frames) and RS frames. Since they are in a one-to-one
correspondence, we believe TiRS graphs and TiRS frames are better choices
for classes of graphs and RS frames that generalise, respectively, the graphs
and frames associated to bounded lattices.

In Section 3, we first prove that every finite RS frame is a TiRS frame
and we point out that this yields a dual representation of finite lattices via
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finite TiRS frames, or equivalently finite TiRS graphs, which generalises the
well-known Birkhoff dual representation of finite distributive lattices via finite
posets. We then generalise the descriptions of the completely join-irreducible
and the completely meet-irreducible elements in the complete lattices C(X),
which were presented for the graphs X = (£L™P(L,2), E) in [2], to arbitrary
reflexive reduced graphs X = (X, E). Finally, we show that Plos¢ica’s dual
representation of bounded lattices and Gehrke’s dual representation of perfect
lattices can be used in tandem to provide a new construction of the canonical
extension for an arbitrary bounded lattice.

For all concepts and results needed in this paper, we refer to Section 2 of
[2], which can be used as our preliminaries and which is available online.

2. TiRS graphs and TiRS frames

In this section, we first show that bounded lattices give rise to particular
graphs that we call TiRS graphs. More precisely, these graphs are an abstrac-
tion of the graphs D”(L) obtained from Plog¢ica’s duals of bounded lattices
L by forgetting the topology. We also show how to carry the properties of
TiRS graphs to the setting of RS frames introduced by Gehrke [11], and then
how to associate to each TiRS graph a so-called TiRS frame in a one-to-one
correspondence.

We start by identifying characteristics of the graph D?(L) = (£™P(L, 2), E).
Recall that £L™P(L, 2) is the set of maximal partial homomorphisms from L
into 2 and the relation E is given by fFEg if and only if f=*(1) Ng=1(0) = 0.

From the well-known properties of filters and ideals of a bounded lattice
and from the correspondence between elements f € L£™P(L,2) and maximal
filter-ideal pairs (f~1(1), f~1(0)), we obtain the following result.

Lemma 2.1. Let L be a bounded lattice and let X = D°(L). Then E is
reflexive and X satisfies the three conditions below:

(1) for every £,g€ X, if £ #g, then f~1(1) # g~}(1) orf (0) # g1 (0);
(2) (i) forall f,he X, if f7H(1) C (1), then h™'(1) N f~1(0) # 0;
) for all 5 € X, 4 4-1(0) S HA0), e 9-1(1) MA-1(0) 2 0
(3) forall f,g€ X, if f~1(1)Ng=*(0) = 0, then there eansts h € X such that
J7H1)C b (1) and g (0) € b1 (0).

Proof. (1): This is clear.

(2): If f741) € h71(1) for f,h € X, then h=1(1) N f=1(0) # 0, be-
cause f~!(1) is a maximal filter with respect to not intersecting f~'(0). This
shows (i), while (ii) can be derived analogously.

(3): If f~1(1)Ng=1(0) =0 for f,g € X, then by Zorn’s Lemma, the filter-
ideal pair (f~1(1),971(0)) can be extended to a maximal one, so there exists
h € X for which f=1(1) € h=1(1) and g=1(0) C h=1(0). O
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For a graph X = (X, E) and = € X, we denote by the symbols xE and Ex
the sets {y € X | (z,y) € E} and {y € X | (y,z) € E}, respectively. We
note that for f,g € L™P(L,2), we have that

) g™ (1) &= gECfE and  f71(0) S g '(0) < EgC Ef,

and consequently, conditions (1) to (3) can be rewritten by using the notation
xF and FEx with z € £™°(L,2). Motivated by the graphs D"(L) above, we
now generalise the properties (1), (2), and (3) to arbitrary graphs X = (X, F)
as follows:

(S) for every z,y € X, if x # y, then oF # yE or Ex # Ey;
(R) (i) forall z,z € X, if zE C zE, then (z,2) ¢ E;
(i) for all y,z € X, if Ez C By, then (y,z) ¢ F;
(Ti) for all z,y € X, if (z,y) € E, then there exists z € X such that
zE CxF and Ez C Ey.

When FE is also reflexive, it is easily seen that the condition (Ti) can equiv-
alently be written as follows:

(Ti)" for all x,y € X, if (x,y) € E, then there exists z such that (x,z) € F
and (z,y) € E, and for every w € X, (z,w) € E implies (z,w) € E
and (w,z) € E implies (w,y) € E.

If E were a partial order, we would say that the elements z were in the
interval [x,y]. For the elements z, we will use the term transitive interval
elements (with respect to (z,y) € E). Hence, condition (Ti) guarantees the
existence of transitive interval elements for every x,y € X such that (z,y) € E.
So we shall call (Ti) the transitive interval element condition.

Definition 2.2. A graph X = (X, E) is:

(1) a separated graph if it satisfies condition (S);

(2) a reduced graph if it satisfies condition (R);

(3) an RS graph if it satisfies conditions (R) and (S);

(4) a TiRS graph if E is reflexive and X satisfies conditions (R), (S) and (Ti).

Hence, using Lemma 2.1, the next statement follows immediately.

Proposition 2.3. For any bounded lattice L, its dual graph X = D*(L) is a
TiRS graph.

A natural question to ask now is: which TiRS graphs arise as duals of
bounded lattices? In the case of bounded distributive lattices, this question
reduces to the question of which posets arise as duals of bounded distributive
lattices in the Priestley duality. As is well known, this question of repre-
sentable posets is extremely hard (see for example the paper by Davey [4]). In
our situation, we know that there are TiRS graphs that are not the duals of
bounded lattices. Examples are any non-representable posets, as any poset is
automatically a TiRS graph. We expect that the question above regarding the
non-distributive case will be difficult and we pose this as an open problem:



TiRS structures 127

Problem 1. Which TiRS graphs arise as duals of bounded lattices?

Ploscica [14, Section 3] noted that there were cases where the graph of
maximal partial homomorphisms from the bounded lattice L into 2 was not
minimal amongst those graphs with topology that could serve as a represen-
tation of L. An example of this is presented in Figure 1, where L is taken
to be the modular lattice M3 and the graph Y is a minimal graph. The el-
ements of the graphs X and Y are described as follows: the elements of X
are the maximal partial homomorphisms fy,, with u,v € L\ {0, 1}, defined
by fo.l(1) = tu and f,,}(0) = Jv. The graph Y is the subgraph of X whose
vertex set is Y = { fup, foes fea}. It is straightforward to check that the lattice
L is isomorphic to the lattice G5 (Y, 2) via the isomorphism a — e,. We
note that because the lattice L is finite, it makes no difference whether we
consider G5 (Y, 24) or §"P(Y, 2) (and similarly for X).

. fu
feb 0/ \0 fac fzb% Ofbc
a c f 1 If \. /
0 N fea
foa
L X Y

FIGURE 1. The modular lattice M3 and two of its graph rep-
resentations X = D°(L) and Y.

The graph X in Figure 1 is a TiRS graph (this is the content of Proposi-
tion 2.3) while the RS graph Y does not satisfy the condition (T1).

Given a bounded lattice L, the TiRS graph X = D"(L) is naturally associ-
ated to the structure F := (X1, X5, R), where X7 is the set of all filters f~*(1)
of L with f € X, and X» is the set of all ideals g~!(0) of L with g € X. The
binary relation R C X; x X5 is defined by

(f7'),g71(0) € R if fTH(1)NgH(0) #0,
or equivalently (henceforth we will write the relation symbol R in the middle),
FTHMRgH0) i (f,9) ¢ B
Note that X; and X5 are respectively the set of all filters and the set of all
ideals in maximal filter-ideal pairs.

Let us recall that a structure (X7, X3, R), where X; and X5 are non-empty
sets and R C X7 x X5, is said to be a frame. For x € X; and y € X5, we
define

zR:={y€ Xo| 2Ry} and Ry:={z € X; |zRy}.
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For an arbitrary frame F = (X7, Xa, R) we now define conditions (S) and (R)
as follows:

(S) for all z1,29 € X; and y1,y2 € Xo,
(i) 1 # xo implies 21 R # 2o R;
(ii) y1 # y2 implies Ry; # Rys.
(R) (i) for every z € Xj, there exists y € X» such that —(zRy) and
Vwe X1 ((w+#2z & 2R CwR) = wRy);
(ii) for every y € Xs, there exists x € X; such that —(xRy) and
Vze Xo ((z#y & Ry C Rz) = zRz).

The frames that satisfy the conditions (R) and (S) are called reduced sep-
arated frames, or RS frames for short, and were introduced by Gehrke [11].
They were formulated as a two-sorted generalisation of Kripke frames to be
used for relational semantics of substructural logics.

Here we introduce the (Ti) condition for frames. It is motivated by the (Ti)
condition on graphs:

(Ti) for every x € X; and for every y € Xs, if ~(xRy), then there exist
w € X1 and z € X5 such that
(i) ~(wRz);
(ii) R C wR and Ry C Rz;
(iii) for every u € Xy, if u # w and wR C uR, then uRz;
(iv) for every v € Xs, if v # 2z and Rz C Rv, then wRwv.

Definition 2.4. A TiRS frame is a frame (X7, X5, R) that satisfies conditions
(R), (S), and (Ti), i.e., it is an RS frame that satisfies condition (Ti).

The following is an example of an RS frame that is not TiRS. Let X; =
{ai}icw, X2 = {bi}icw and

R = {(a1,bo), (ao,b1)} U{(ai,b;) [2<i,1<j<i}.

By considering —(agRby), it is straightforward to show that (X, X2, R) does
not satisfy (T1i).

We observe that for the frame F := (X7, X3, R) naturally associated to the
TiRS graph Db(L) dual to some bounded lattice L, not every element F' € X3
need determine a unique maximal partial homomorphism f € L™P(L, 2) since
F might be the filter of more than one maximal filter-ideal pair. However, every
F determines a unique class of elements f € £™P(L,2) such that f~1(1) =
F. This gives rise to an equivalence relation ~; on £™P(L,2) for which X,
may be identified with the quotient £L™P(L,2)/~;. Similarly, we may define
on L™P(L,2) an equivalence relation ~g by f ~o g iff f71(0) = ¢g=1(0);
this allows us to identify X5 with the quotient £L™P(L,2)/~2. We note that
f71(1) = g71(1) is equivalent to fE = gE while f~1(0) = g~1(0) is equivalent
to Ef = Eg. This motivates us to define equivalence relations on X and to
define sets X; and X5 in order to associate a frame (X7, X2, R) to a graph
without assuming the graph is Db(L) for some lattice L.
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Definition 2.5. Let X = (X, E) be a graph. The associated frame p(X) is
the frame (X1, Xo, R,(x)) where

(i) X1 = X/~ for the equivalence relation ~; on X given by
r~yifalk =ykE;
(ii) X9 = X/~ for the equivalence relation ~5 on X given by
x ~g9y if Exz = Ey;
(iii) R,(x) is the relation given by

[ Ryx)lyle <= (z,y) ¢ E,

where [z]; and [y]s are, respectively, the ~j-equivalence class of 2 and
the ~g-equivalence class of y.

We omit the subscript p(X) in R,x) whenever it is clear to which relation R
refers.

Now we prove that the frames p(X) associated to TiRS graphs X are nec-
essarily TiRS.

Proposition 2.6. If X = (X, E) is a TiRS graph, then the associated frame
p(X) = (X1, X2, Ry(x)) is a TiRS frame.

Proof. (S): Let x,y € X and assume that [z]; # [y]1. Then zFE # yE, and
so zE ¢ yE or yE ¢ zE. Without loss of generality, we may assume that
there exists z € X such that (z,z) € E but (y,z) ¢ E. Now [y]1R][z]2 but
—([x]1R[z]2), and so [z]1 R # [y]1R. Thus, (S)(i) holds. Similarly, we prove
that p(X) satisfies (S)(ii).

(R): Let [z]; € X1 and consider [z]; € X3. Since (z,z) € E, we have
that —([z]1 R[x]2). Let [w]; € X; and assume that [w]; # [z]; and [z]; R C
[w]1R. Note that [z];R C [w]iR implies wE C xzE. Since wE # zE, we
have wE C xF. But X satisfies the corresponding condition (R)(i) for graphs,
and so (w,x) ¢ E, which implies that [w]; R[z]2. Thus, (R)(i) holds for p(X).
Similarly, we prove that p(X) satisfies (R)(ii).

(Ti): Let [z]; € X1 and [y]e € X2, and assume that —([z]; R[y]2). Since X
is a TiRS graph and (z,y) € E, there exists z € X such that zE C zE and
Ez C Ey. Then [z]; € X1, [z]2 € X2, [2]1R C [z]1R, Rly]2 C R[z]2, and by
the reflexivity of E, —([z]1 R[z]2). Moreover, if u € X satisfies [u]; # [2]; and
[2]1R C [u]1 R, then uE C zF, which implies (u, z) ¢ E by condition (R)(i) for
graphs. Thus, [u]1 R[z]2, finishing the proof of condition (Ti)(iii). The proof
of (Ti)(iv) is analogous. O

From Propositions 2.3 and 2.6, it follows now that the frame p(D"(L))
associated to a bounded lattice L is TiRS.

Corollary 2.7. Let L be a bounded lattice, let X = D°(L) be its dual TiRS
graph, and let p(D°(L)) be its associated frame. Then p(D°(L)) is a TiRS
frame.
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Next we show that, conversely, it is possible to assign a graph to every TiRS
frame in such a way that we get a correspondence between TiRS graphs and
TiRS frames. Moreover, we would like that this correspondence allow us to
recapture every TiRS graph X from its corresponding frame p(X).

Once again, we start by considering the particular case when X is the
graph D°(L) for some bounded lattice L. We recall that the frame p(X) can
be taken so that X; and X, are, respectively, the set of filters f~!(1) and
the set of ideals f~1(0), with f € L™P(L, 2). We also recall that the elements
f € L™P(L, 2) are completely determined by the pairs (f~1(1), f~1(0)), which
are exactly the pairs (F,I) such that F N T = (), F is a filter that is maximal
with respect to not intersecting I, and I is an ideal that is maximal with
respect to not intersecting F'. Hence, to recapture X, we just need to take the
appropriate pairs (z,y) of X7 x Xy, those given by condition (Ti). We note
that the nonemptyness of the sets X; and X5 of a frame allied to condition
(R) implies the existence of pairs (z,y) such that —(zRy), and consequently,
in a TiRS frame the existence of pairs (w, z) that satisty (Ti) (i),(iii), and (iv)
is guaranteed. This leads us to the next definition.

Definition 2.8. Let F = (X3, Xo, R) be a TiRS frame. The associated graph
gr(F) is (Hg, Kr), where the vertex set Hg is the subset of X; x Xs of all
pairs (x,y) that satisfy the following conditions:

(a) —(zRy);

(b) for every u € Xy, if u # x and R C uR, then uRy;

(c) for every v € Xo, if v # y and Ry C Rv, then zRuv.

The edge set K is formed by the pairs ((z,y), (w, z)) such that -(zRz).
We omit the subscript F in Hg and in Ky whenever it is clear which vertex
set and edge set we refer to.

Lemma 2.9. Let F = (X1, X2, R) be a TiRS frame.

(i) For every x € X1, there exists y € Xo such that (z,y) € H.
(ii) For every y € Xo, there exists x € X1 such that (z,y) € H.
(iii) If (z,y),(w,z) € H, then

(w,2)K C (z,y) K & 2RCwR & K(w,z)C K(z,y) < Ry C Rz.

Proof. (i): Let € X;. By hypothesis, F satisfies condition (R) for frames,
which implies the existence of v € X5 such that —=(xRv) and

for every u € Xy, if u # z and R C uR, then uRv. (%)

By condition (Ti) for frames, there exists (w, z) € H such that R C wR and
Rv C Rz. Since =(wRz) and Rv C Rz, we must have ~(wRwv). But then (x)
implies w = z and consequently (x,z) € H. Thus, (i) holds.

(ii): The proof is similar.
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(iii): Counsider (z,y), (w,z) € H. By (ii), for every element v € X, there
exists u € X; such that (u,v) € H. Hence, the following holds:

(w,2)K C (z,y)K
= {(w,0) € H[((z,y), (w,0)) ¢ K} C{(u,v) € H[((w,2),(u,0)) ¢ K}
— {(u,v) € H|(z,v) e R} C{(u,v) € H| (w,v) € R}
— {veXs|(z,v)e R} C{veXy|(w,v) €eR}
< R CwR.
Similarly, one can prove that K(w,z) C K(x,y) <= Ry C Rxz. O

Proposition 2.10. If F = (X1, X5, R) is a TiRS frame, then its associated
graph gr(F) is a TiRS graph.

Proof. (S): Let us consider pairs (x,y), (w, z) € H such that (z,y) # (w, 2).
Without loss of generality, assume that x # w. Since F satisfies (S) for frames,
we have that R # wR, and therefore ztR ¢ wR or wR ¢ xR. Again without
loss of generality, assume that R ¢ wR. Then there exists v € X, such
that xRv but —=(wRv). By Lemma 2.9(ii), there exists u € X; such that
(u,v) € H. Then ((z,y), (u,v)) ¢ K but ((w,z),(u,v)) € K, and hence
(,9)K # (w, 2)K.

(R): For (i), consider (z,y), (w,z) € H and assume that (w, 2)K C (z,y)K.
It follows by Lemma 2.9(iii) that R C wR and x and w must be distinct,
because © = w would imply wR C zR, and so (w,2)K = (z,y)K. Since
(x,y) € H, w # z, and xR C wR, we have wRy by condition (b) of Defini-
tion 2.8. Thus, ((w, 2), (z,y)) ¢ K. One can analogously prove R(ii).

(Ti): Take (z,y), (w,z) € H with ((x,y), (w, 2)) € K, that is, 7(zRz). By
condition (T1i) for frames, there exist u € X; and v € X5 such that (u,v) € H,
xR C uR, and Rz C Rv. Finally, we note that xR C uR and Rz C Rv imply
(u,v)K C (z,y)K and K (u,v) C K(w, z), by Lemma 2.9(iii). O

Definition 2.11. Two graphs X = (X, Ex) and Y = (Y, Ey) are isomorphic
(denoted X ~ Y) if there exists a bijective map a: X — Y such that

Vi, 20 € X (21,29) € Ex < (a(z1),a(z2)) € Ey,
and we refer to such a map as the graph-isomorphism «a: X — Y.

Two frames F = (X1, Xo, Rp) and G = (Y1,Ys, Rg) are isomorphic (de-
noted F ~ G) if there exists a pair (81, 82) of bijective maps S;: X; — Y; (for
i =1,2) with

Voy € X1 Vag € Xy (21Rpas <= Bi(x1)Rafa(x2)),
and we refer to such a pair as the frame-isomorphism (81, 82): F — G.

Let F = (X1, X5, R) be a TiRS frame. We observe that for every x € Xi,
there exists y € X5 such that (z,y) € H, by Lemma 2.9, and for every z € Xs
satisfying (x,2) € H, we have [(z,y)]1 = [(z,2)]:. Hence, we may define a
map f1: X1 — H/~1 by f1(z) = [(z,y)]1, where y € X, satisfies (z,y) € H.
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Similarly, we may define a map Bo: Xo — H/~9 by B2(y) = [(x,y)]2, where
x € X, satisfies (z,y) € H. We define Sr to be the pair (81, 82). As we will
see later, the pair Br is a frame-isomorphism.

Lemma 2.12. Let X = (X, E) be a TiRS graph. The elements of H,x) are
exactly the pairs ([z]1,[z]2), with z € X.

Proof. For every x € X, the reflexivity of E' and condition (R) satisfied by X
guarantee that the pair ([z]1,[z]2) belongs to H. Let z,y € X and assume
that ([z]1,[y]2) € H. Then —([z]1R[y]2). Since (z,y) € E and X satisfies
(Ti), there exists z € X such that zE C zF and Ez C Fy, and (as we can
see from (Ti)"), (x,2),(z,y) € E. From zE C zF and (z,y) € E, we obtain
[z]1R C [z]1R and —([z]1 R[y]2). But then ([z]1,[y]2) € H implies [z]; = [2]1.
Similarly, from Ez C Ey and (z,z) € E, we conclude [y]2 = [z]2. Thus,
([z]1; [yl2) = ([, [2]2)- 0

For a TiRS graph X = (X, E), the previous lemma allows us to define a
map ax: X — gr(p(X)) by ax(z) = ([z]1, [x]2). In the proof of the following
result, we show that ax is a graph isomorphism. This result shows that the
established correspondence between TiRS graphs and TiRS frames is one-to-
one.

Theorem 2.13. Let X = (X, E) be a TiRS graph and F = (X1, X2, R) be a
TiRS frame. Then

(a) the graphs X and gr(p(X)) are isomorphic;

(b) the frames F and p(gr(F)) are isomorphic.

Proof. (a): For z,y € X, we have that ([z]1,[z]2) = ([]1, [y]2) implies 2 E =
yE and Ex = Ey. By (S), this implies = y. Hence, the map ax is one-to-
one, and by Lemma 2.12, it is also onto. Finally, we note that we have

(z,y) € B it —~([zhRyla) it (([z]1, [2]2), ([ [v]2)) € K.

(b): Forz € X; and y € Xs, we take w € X7 and z € X5 with (z, 2), (w,y) €
H. Then xRy iff ((z,2), (w,y)) ¢ K iff ((z,2)]Rl(w, )]s iff 51 (2)BB(y),
where 81 and By are the maps that satisfy 8 = (f1,82). Finally, we need
to prove that the maps (1 and (2 are one-to-one and $1(X;) = H/~1 and
B2(X2) = H/~g. Let x,w € X; and assume that f(z) = fi(w), ie.,
[(z,y)]1 = [(w,2)]1 for some y,z € Xa such that (z,y),(w,z) € H. Then
rR = wR, which, by condition (S) for frames, implies z = w. Hence, f1x,
is one-to-one. Similarly, B2y, is one-to-one. Now take [(x,y)]1 € H/~1 with
(z,y) € H. Then Bi(z) = [(x,y)]1, and so B[y, is onto. Similarly, 52y, is

2
onto. Therefore, 8r is a frame-isomorphism. |

3. Canonical extensions of bounded lattices and TiRS graphs

In the previous section, motivated by graphs coming from Plos¢ica’s rep-
resentation of bounded lattices, we introduced TiRS graphs and showed how
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these structures correspond to particular RS frames that we call TiRS frames.
The work of Dunn, Gehrke and Palmigiano [10, Section 4] and Gehrke [11,
Section 2] combine to provide a dual representation between RS frames and
so-called perfect lattices. Let us recall that a complete lattice C is said to
be perfect if the set of its completely join-irreducible elements, J*(C), is
join-dense and the set of its completely meet-irreducible elements, M*°(C), is
meet-dense in the lattice. Gehrke and Harding [12, Lemma 3.4] showed that
J>®(L°) is join-dense in L? and that M°°(L°) is meet-dense in L°. Hence,
the canonical extension of a bounded lattice is a perfect lattice, and so the
dual representation between RS frames and perfect lattices provides insights
into the theory of canonical extensions for arbitrary bounded lattices. As we
proved in [3, Theorem 3.11], the canonical extension of a bounded lattice L
can be taken to be C(X) = G"P(X, 2), where X = (L"P(L, 2), E) is the TiRS
graph dual to L.

We start this section by showing that every finite RS frame is in fact a TiRS
frame. The graph Y in Figure 1 showed that, in contrast to this, the classes
of finite RS graphs and finite TiRS graphs are not the same. It follows that
our correspondence between TiRS graphs and TiRS frames does not extend
to a correspondence between RS graphs and RS frames.

Proposition 3.1. Fuvery finite separated frame satisfies (Ti). Consequently,
every finite RS frame is a TiRS frame.

Proof. Let F = (X3, X2, R) be a frame that satisfies (S). Let x € X3,y € Xo,
and assume that —(zRy). Define

Sy :={we Xy |xR CuR,~(uRy) }.

Since z € S; and X, is finite, the set 73 = {uR | u € S7 } is non-empty and
finite. Thus, 77 has a maximal element (with respect to the inclusion order).
Let w € S; be such that wR is a maximal element of T7.

Now define

Sy :={v € X5 | Ry C Rv,~(wRw) }.
Since y € Sy and X5 is finite, the set To = { Rv | v € Sy} has a maximal
element. Let z € Sy be such that Rz is a maximal element of T5. Thus, we
have w € X3,z € X5, 2R C wR, Ry C Rz and —(wR2).

We claim that w and z satisfy (Ti)(iii) and (Ti)(iv).

(Ti)(iii): Consider v’ € X; such that v’ # w and wR C u'R. By (S), we
have 'R # wR and so wR C «w'R. Hence, v'R ¢ Ty as wR is a maximal
element of T7. Thus, v’ ¢ S1, but since xR C wR C /R, we must have u'Ry.
Now «' Ry implies v’ € Ry C Rz and so u'Rz.

(Ti)(iv): Consider v € X3 such that v/ # z and Rz C Rv’. By (S), we have
Rz # Rv', and so Rv' ¢ Ty as Rz is a maximal element of T5. Thus, v’ ¢ Sa,
but since Ry C Rz C Rv’, we must have wRv'. O

Gehrke’s dual representation of perfect lattices via RS frames [11] gives, in
the finite case, a dual representation of arbitrary finite lattices via finite RS
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frames. Our result above shows that the classes of finite RS frames and finite
TiRS frames are the same, and so there is a a dual representation of arbitrary
finite lattices via finite TiRS frames. From our one-to-one correspondence be-
tween TiRS frames and TiRS graphs in Section 2, it follows now that there is a
dual representation of arbitrary finite lattices via finite TiRS graphs. We know
that when the considered finite lattices are distributive, the relation E on the
corresponding TiRS graphs becomes a partial order, and so in the distributive
case, we obtain as a special case the well-known Birkhoff dual representation
of finite distributive lattices via finite posets (see [7, Chapter 5]). Although
Ploscica in [14] essentially obtained this dual representation of arbitrary finite
lattices via finite graphs, our results (Section 2 and Proposition 3.1) enable us
to characterise in an abstract way the finite graphs dually representing arbi-
trary finite lattices as exactly the finite TiRS graphs. We formulate this result
explicitly as a corollary:

Corollary 3.2. There ezists a dual representation of arbitrary finite lattices
via finite TiRS graphs generalising the Birkhoff dual representation of finite
distributive lattices via finite posets.

In this section we continue to generalise the descriptions of the completely
join-irreducible and the completely meet-irreducible elements in the complete
lattices C(X), which were presented for the graphs X = (L™P(L,2), E) in [2]
(cf. Proposition 5.5 and Corollary 5.6 there), to arbitrary reflexive reduced
graphs X = (X, E).

Definition 3.3. Let X = (X, E) be a reflexive graph. For every element
r € X, the maps J, and M, are the partial maps from X to 2 that, for z € X,
are given by:

1 if zECzFE, 1 if (z,2) ¢ E,
Jo(2) =<0 if(x,2)¢ E, and My(z)=<0 if E2C Ex,
— otherwise, — otherwise.

Proposition 3.4 ([2, Proposition 5.1]). Let X be a reflexive graph. Then
the sets {Jy | ® € X} and { M, | x € X} are respectively join-dense and
meet-dense in the lattice C(X).

When the graph is X = D?(L) for some bounded lattice L, we also have
JECX) ={Ja [z X} and M¥(C(X))={M,[yec X},

as was proven in [2] (cf. Proposition 5.5 and Corollary 5.6 there).

It turns out that these descriptions of completely join-irreducible and com-
pletely meet-irreducible elements of the lattice C(D”(L)) are not specific to the
case X = D?(L), where L € £. In fact, they apply to an arbitrary reflexive
reduced graph X = (X, E).
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Proposition 3.5. If X is a reflezive reduced graph, then
JCX) ={Je [z e X} and M>(C(X))={M,[yecX}

Proof. We prove that J, is completely join-irreducible. Assume that J, =
V{y: | i€}, for some elements ¢; € C(X) with ¢ € I. Since {J, |y € X }
is join-dense in the lattice C(X), we may assume that each ; is J,, for some
x; € X. Suppose for a contradiction that J, # J,, for all ¢ € I. Then for
every i € I, X\aE = J;71(0) # J;1(0) = X\a;E, and since J,, < J, and

Jo, < Jp = J71(0) € J H0) = o FE C zF,

we must have 2, C xE. Therefore, by (R), we have (z;,z) ¢ E and so
Jo (@) = 0. Since J, = \/{Jy, | i € I}, we obtain € ({J;'(0) | i eI}
= J1(0) (for the last equality, we use [2, Theorem 2.2]), which contradicts
J:(x) = 1. Hence, J, must be one of the morphisms J,,, with ¢ € T.

Dually, one can argue that the element M, is completely meet-irreducible.

The fact that J*(C(X)) C {J, | = € X} follows from Proposition 3.4
as every join-dense subset of a complete lattice contains the completely
join-irreducible elements. The dual argument shows that M>(C(X)) C

{M,|ye X} 0

The following corollary tells us that the lattice C(X) built from any reflexive
reduced graph (in particular, from any TiRS graph) is a perfect lattice. It is
an immediate consequence of Propositions 3.4 and 3.5.

Corollary 3.6. Let X = (X, E) be a reflexive reduced graph. The lattice C(X)
is a perfect lattice. In fact, for every ¢ € C(X), we have
o=\{J:|Je<p} and o= N\{M,|o<M,}
and
JRCX) ={J, |zr€X} and M>(C(X))={M,|ye X}

Let X be a reflexive reduced graph and consider the perfect lattice C(X)
defined from X. The RS frame dual to C(X) is the frame

F(C(X)) = (J7(C(X)), M>*(C(X), Rex))
where Rcx) is the restriction of the partial order < of C(X) (see [11, Re-
mark 2.13]), so J, Roxy M, iff J;1(1) € M'(1) iff M, 1(0) € J;1(0).

Proposition 3.7. Let X be a TiRS graph. The frame F(C(X)) is a TiRS
frame.

Proof. First observe that the following hold:

(iii) JoRo) M, iff J, < M, iff (z,y) ¢ E.
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Let z,y € X and assume that —(J,Rox)M,), that is, (z,y) € E. Since
X satisfies (Ti), there exists z € X such that zF C zF and Ez C Ey, so
JeRox) € J.Rox) and RoxyMy € Rox)yM-:. If u € X is such that J, # J,
and J, Rex) € JuRcx), then uE C zE. But X satisfies (S), and so we have
(u,2) ¢ E, thatis, J, Rox)M.. Similarly, we prove that J, Re(x) M., whenever
v € X satisfies M, # M, and RexyM. € Rox)M,. Thus, F(C(X)) satisfies
(Ti). O

Lemma 3.8. Let X be a TiRS graph. The elements of the set Hp(c(x)) are
exactly the pairs (J., M), with x € X.
PT‘OOf. Observe that (J@,My) S HF(C(X)) iff

() (z.9) € B

(ii) for every u € X, if E # uFE and wE C zE then (u,y) ¢ E;

(iii) for every v € X, if Fv # Ey and Ev C Ey then (z,v) ¢ E.

Clearly, (J, M;) € Hpcx)) for every z € X because X satisfies (R).

Suppose that (J,, M,) € Hpcx)). Since (z,y) € E and X satisfies (Ti),
there exists z € X such that zF C F and Ez C Ey. Since (x,2), (z,y) € E,

we must have zF = zF and Fy = Ez. Hence, J, = J, and M, = M., so
(Jzy My) = (J5, M3). |

Theorem 3.9. Let X be a TiRS graph. We have that
er(F(C(X))) =X and p(X)=~F(C(X)).

Proof. By Lemma 3.8, the vertex set H of gr(F(C(X))) is { (Jy, M) |z € X }.
Consider the onto map ¢: X — gr(F(C(X))) given by ¢(x) = (J5, M;). Since
X satisfies (S), if ¢ # y, then either xE # yE or Fx # Ey. Without loss
of generality, suppose that F # yFE. Then there exists z € X such that
(x,2) € E but (y,2) ¢ E, which implies that either z ¢ dom J, or J,(z) =1
but z € dom J, and J,(z) = 0. Hence, J, # J,, and so ¢(z) # ¢(y). Thus, ¢
is one-to-one.
Finally, we show that (z,y) € E iff (¢(z), ¢(y)) € K. Recall that

(6(2),0(y) € K < (Jo, M) ¢ R < Jo & M, < J;'(1) ¢ M, (1)

Lastly, observe that J, £ M, iff (z,y) € E.
Thus, we have that X ~ gr(F(C(X))). Theorem 2.13 and Proposition 3.7
yield p(X) ~ F(C(X)). O

For a bounded lattice L, recall that the canonical extension L® of L can be
taken as C(X), where X is the TiRS graph D’(L). The following result is an
immediate consequence of the previous theorem.

Corollary 3.10. Let L be a bounded lattice and let L be its canonical exten-
sion. The dual RS frame F(L?) of L° is TiRS and

gr(F(L%) ~D°(L) and p(D°(L)) ~ F(L%).
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We have shown that the RS frame associated to the canonical extension
is always TiRS. Due to this and the correspondence between RS frames and
perfect lattices, one could ask whether also conversely, every TiRS frame cor-
responds to a perfect lattice that is some canonical extension. So, could it be
that the perfect lattices corresponding to TiRS frames are exactly those that
are the canonical extensions? We know again from the distributive case that
this question can be answered negatively. A non-representable poset is a TiRS
graph, and hence its corresponding frame is also TiRS. However, it does not
correspond to the canonical extension of any bounded (distributive) lattice.
Therefore, our second open problem is posed as a slightly different question:

Problem 2. Consider the perfect lattice that corresponds to a TiRS frame.
In addition to being perfect, what additional properties of the complete lattice
arise as a result of it coming from an RS frame that also satisfies (Ti)?

Finally, we are going to show that Ploscica’s dual representation of bounded
lattices and the dual representation between RS frames and perfect lattices can
be used in tandem to provide a new construction of the canonical extension
for an arbitrary bounded lattice.

Following Gehrke [11], for an RS frame F = (X,Y, R), a Galois connection
between §(X) and §(Y) is considered, where the maps (-)f and £(.) are
defined as follows: for AC X and BCY,

(AR ={yecY|VacA aRy} and T (B)={zecX|Vbe B, zRb}.

The perfect lattice of Galois-closed sets associated to F is denoted by G(F).
For the dual RS frame F(C) = (J*°(C), M*(C), <) of a perfect lattice C,
the results of [11] show that C is isomorphic to G(F(C)). Hence, considering
C = L? and using Corollary 3.10, we immediately obtain our final result.

Corollary 3.11. Let L be a bounded lattice and X = D’ (L) be its dual TiRS
graph. Let p(X) be the frame associated to X and G(p(X)) its corresponding
perfect lattice of Galois-closed sets. Then the lattice G(p(X)) is the canonical
extension of L.

We remark that an alternative (and in fact more straightforward) way of
proving the previous result is as follows. We only have to show that the
frames p(D°(L)) and F(C(D(L))) are isomorphic. However, one can easily
see that p(D’(L)) = (X1, X2, R), where X is the set of all filters 2~1(1) and
X, is the set of all ideals x=1(0) for # € D°(L). Further, one can check
that we have F(C(D"(L))) = (V1,Ys, <) with ¥; = {J, | = € D’(L)} and
Ys = {M, | y € D’(L)}. So, we have obvious assignments .J, — z (1) and
My — y~1(0), and it is almost straightforward to verify that these assignments
define a frame isomorphism. (We are thankful to the referee for suggesting this
remark.)
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